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Initial question at AIM workshop:

What is the precise relationship between quantum curves and the Hitchin
moduli space?
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1. An oper

2. A Higgs bundle in the Hitchin section

3. Relation between these two objects

4. Relation between oper and quantum curve?
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Opers (Holomorphic Schrodinger operators)

Fix h € C*.
Locally: go = p(z)dz? ~ differential operator, Ly,
1
Ly =02 - ﬁp(z)
Globally: To interpret Ly globally,

e View it as

Ly: K% — K2

(rather than L : O — O or K2)
e Fix a complex projective structure.

(Coordinate charts related by Mobius transformations w = zis)
oper O Z
Lp =082 — &p(z) VP =d+ 1 <1 p(O )> dz
—ho,f
Lpf =0 & V?“( f >:0

for f € H (C, K.'/?) ;
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An SL(2,C)-oper is a triple (€, V, F,) where
€ is holomorphic vector bundle (rank 2, Det(&) = O)

V is a holomorphic flat connection on &,

with “compatible” filtration Fe = {0 C F1 C F» = £} of € by
holomorphic subbundles.

An oper from g, € H°(C, K2), h € C*

0 p(2)
oper __ 1
o Vi =d+3 (1 0 dz
e & is a non-trivial extension:

O—>Ké/2—>5h—>Kgl/2—>O

(&, V3P") is a holomorphic SL(2, C)-connection. 6



A Higgs bundle in the Hitchin section




Higgs bundles

Higgs bundles (Definition)
An SL(2,C)-Higgs bundle is a pair (£, ) where

e & is a holomorphic vector bundle (rank 2, Det(£) = O)
e a Higgs field p : £ — £ ® K¢



Higgs bundles

An SL(2,C)-Higgs bundle is a pair (£, ) where

€ is a holomorphic vector bundle (rank 2, Det(£) = O)
a Higgs field ¢ : £ = £ @ K¢

A Higgs bundle from g, € H°(C, K32)

o & =K P oK

0 g
*Y={1 o



Higgs bundles

An SL(2,C)-Higgs bundle is a pair (£, ) where
€ is a holomorphic vector bundle (rank 2, Det(£) = O)
a Higgs field ¢ : £ = £ @ K¢

A Higgs bundle from g, € H°(C, K32)

o & =K P oK

_ (0 @
Yl o
1 represents the identity map Ké/z — KC_l/2 R Kc = Ké/z.
g2 represents a map KC_I/2 — Ké/2 QR Kc = K(3:/2_

° if qp = p(2)dz?, o = <(1) p(02)> dz
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Two objects from g, = p(z)dz>

Recall, there is a C-family of extensions

0— Ké/2—>5h,—>Kgl/2—>0.
A Higgs bundle in the Hitchin section (€, ) from g, € H°(C, K2)
o &=KP oK
. _ (0 p(2)
P = (1 0 )dz
An oper (€,V) from g, € H°(C, K2), h € C*.

e &, a non-trivial extension

a ’ Vzper _ d+% <(1) P(OZ)> iz

Explain how these two objects are related.
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Two avatars of the Hitchin moduli space

Data: e C, Riemann surface ~ M,
e E — C, complex vector bundle  SL(2, C)-Hitchin moduli space

M is hyperkihler ~ ¢ € CP-worth of complex structures.

Two avatars of M:

e ( — 0 Moduli space of stable Higgs bundles {(£ = (E,dg), )}/ ~

(ORe

e ( < C* Moduli space of irreducible flat SL(2, C)-connections
{(€=(E,V*),V)}/ ~



Two objects from g, = p(z)dz>

A Higgs bundle in the Hitchin section (€, ) from g» € H°(C, K2)
o £o=KP oK
. _ (0 p(2)
P = (1 0 )dz
An oper (€,V) from g, € H°(C, K2), h € C*.

e &4, a non-trivial extension

s , th;per _ d+% (2 P(OZ)> az

Explain how these two objects are related.
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Non-abelian Hodge correspondence

heC*,R>0,{ eC*

Moduli space of Higgs bundles M:_g:
e (&, ), Higgs bundle in the Hitchin section
e Extend to R>%-family, (&, Ryp)
Moduli space of solutions of Hitchin’s equations, M:
e (&, Ry, hg), solution of Hitchin's equations
Moduli space of flat connections, M ccx:
e V(R, () =( 'Ry + D@, ey + CRy'=, flat SL(2,C) connection.

Conjecture (Gaiotto, arXiv:1403.6137)

Fix & = fi. Then limg_,o V(R, Rh) is gauge equivalent to V7",
o (&, V7P, an oper C flat SL(2, C)-connection.
Theorem (DFKMNN)

Gaiotto's conjecture is true for Gc = SL(2, C).
Moreover, it's true for any simple complex Lie group, Gc.
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Idea of Proof

Theorem (DFKMMN)

Fix % = h. Then V" is gauge equivalent to

1
Jim V(R, Rh) = lim ¢+ D, ) + R2hptrs

Major difficulty: Understand hg as R — 0.
q> = p(z)dz? # 0: Expand around known solution. Prove fr = O(R*).

e (P )

! )
V= fim e D + R

10 p(2) 1 0 A%\ _

= h(l 0 )-i—d 8z|og/\< _1)dz+h<0 0 dz

B 10 p(z) _1 (1 hO;logA

= <d+h< O>dz)og , g= 1 .



Canonical biholomorphic map

@ Hitchin section Space of opers
; e i i
8 /

Moduli of Higgs bundles Moduli of holomorphic connections
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Quantum curves

Example: Airy
C = CP! with holomorphic coordinate z on C = CP* — {oo}.

Y ={A: )2 —-2zdz?2 =0} C K¢ genus(X) =0

L=nZ - zd%

VI =d+ (1 Z) dz

Quantum curve from topological recursion:

e [Eynard-Orantin] “the topological recursion” (matrix models)
e [Dumitrescu-Mulase| “differential recursion”

Only works when C = CP*.



Relation between oper and quantum curve?
formal limit (DFKMMN)
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Relation between oper and quantum curve?
formal limit (DFKMMN)
@@ i
A
vqc

A
topologl%l recursion %Bvﬁqc%o

e’ Fyn 7 = e ZZT'H e )




Thank you!
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