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ABSTRACT SYMMETRY REDUCTION

b .G x M — M proper Lie group action
X(M)E :={X e x(M) | ;X = X, Vg € G}
X e X(M)C < Fyod, =d,0F;, Vg € G

Law of conservation of isotropy: My :={m e M | Gy, = H} is
preserved by F;. In general, Mg not closed. v : Mg — M inclusion.

N(H) :=={g9g € G| gH = Hg} normalizer of H in G. N(H)/H acts
freely and properly on My, g : Mg — My /(N(H)/H) projection.

X induces a unique H-isotropy type reduced vector field X*H on
My /(N(H)/H) by

XHOT('H:TT(HOXOLH,
whose flow FH is given by

FtHOWH:WHOFtOLH.

Quantization of Singular Spaces, December 13-17, 2010, Aarhus University

3



SYMPLECTIC POINT REDUCTION

d . Gx M — M left action; infinitesimal generator of £ € g = Lie(G)

d
Epv(m) 1= dtli—o DPexp te(m) € TinM, Ev € X(M).

$ free proper = M /G manifold and « : M — M /G submersion

(M,w) symplectic manifold. Hamiltonian vector field Xy € X(M)
is defined by dH = w(Xp,-) and the associated Poisson bracket by
{F,H} .= w(Xp, Xg). Hamilton's equations are:

m(t) = Xg(m(t)) < %F(m(t}) = {F,H}(m(t)), VF € C°°(M).

(M,w) symplectic manifold, ® : G x M — M free proper symplec-
tic action (Pyw = w, Vg € G). Then M/G is a Poisson manifold
uniquely characterized by the condition that = : M — M/G is a
Poisson map: {f,h}ygom = {fomhonm}y, Vf, h€ C°(M/G).

What are its leaves? The symplectic point of orbit reduced spaces.
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(M,w), G connected Lie group with Lie algebra g,
b :G x M — M proper symplectic action

J: M — g* momentum map: Xj = &,V€ € g, J¢ 1= (J,€) €
Coo(M).
J is equivariant if J(¢g-m) = Adz_l.](m), for all g e G, m € M.

Equivariant J : M — gj_ iIs a Poisson map, where
Of oh
Sp S

Df(p) v= <v,5—f>, Vv e g
Ot

{fih}+(p) == <u, [ ]> Vf,h € C™(g")

Noether’'s Theorem: If h € C®°(M)%, then Jo F; = J, where F} is
the flow of Xj,.

Bifurcation Lemma: range (Tind) = (gm)°.

Fiber Lemma: ker (T;,J) = (g- m)Y.
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EXxistence: The obstruction is the vanishing of the map

o/l9,0] 3 [¢] — |i¢,,w| € H'(M;R)

Infinitesimal equivariance: (g,[-,-]) 3 € — J¢ € (C®(M),{,-})
Lie algebra homomorphism, i.e.,

Jl&nl — (JE, I, Ve neg — T.J(&y(2) = —adg J(2), V€ € g

(G connected: infinitesimal equivariance equivalent to equivariance.
Among all possible choices of momentum maps for a given action,
there is at most one that is infinitesimally equivariant.

If G is compact J can be chosen G-equivariant.

Sufficient conditions: Assume H1(g;R) = H?(g;R) = 0.
By Whitehead lemmas, this holds if g is semisimple.

Non-equivariance or Souriau one-cocycle associated to J:

01 G2 g— J(Pg(m)) — Ad} 1 (J(m)) € ¢*
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Suppose that M is connected. Then:

(i) The definition of o does not depend on m € M.

(ii) o is a g*-valued one-cocycle on G for the coadjoint representa-
tion: o(gh) = o(g) + Ad;_l o(h) for all g,h € G.

Affine coadjoint action of G on g* with cocycle o:

@:Gxg*a(g,u)l—>Ad;_1u+0(g>€9*

J: M — g* is equivariant with respect to the symplectic action &
on M and the affine action © on g*.

Affine orbits O, are symplectic with G-invariant symplectic structure

w, (W) (V) g () = (v, [€, 1)) F Z(&, )
Infinitesimal non-equivariance two-cocycle ¥ € Z2(g,R):
>:gxg>3(&n)—dogle)-£€R
where 6, : G — R is defined by ,(g9) = (c(g),n).
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Reduction Lemma:

gJ(m)-m=g'mﬂkerTmJ=g-mﬂ(g~m)w.

J(w)

symplectically
orthogonal spaces
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Momentum maps and isotropy type manifolds

Fix m e M. Then Mg Iis a symplectic submanifold of M.
T his follows from the following result.

H compact Lie group and (V,w) symplectic representation space.
Then VH is a symplectic subspace of V.

WARNING: My :={m € M | Gm conjugate to H} not symplectic.

Mgm connected component of Mg, =~ containing m

N(Gm)™" :={n € N(Gm) |n-z€ Mg forall z€ Mg }.

N(Gm)™ is a closed subgroup of N(Gm), N(Gm)™ O N(Gm)o, the
connected component of the identity. So N(Gy)™ is also open
= Lie(N(Gm)™) = Lie(N(Gm)). Also H C N(Gy)™. In addition,
(N(Gm)/Gm)™ = N(Gm)™ /G, SO that

Lie(N(Gm)™/Gm) = Lie (N(Gm)/Gm) .
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L™ = N(Gm)™/Gm acts freely properly symplectically on Mg”m by
V(nGm,z) i=n-z.

The free proper symplectic action of L™ := N(Gm)™/Gm on Mgfm
has a momentum map Jym : Mg — (Lie(L™))*
Jrm(z) = /\(J|M6”m(z) —J(m)), z¢€ Mg .

In this expression A : (g%,)%m — (Lie(L™))* denotes the natural
L™-equivariant isomorphism given by

(A, 5] (@0t Gu) = (5.9,

for any 8 € (g5,)7, € € Lie(N(Gm)™) = Lie(N(Gn)).

The non-equivariance one-cocycle 7 @ Mp&  — (Lie(L™))* of the
momentum map Jym is given by the map

7)) =AN(o(n) +n-J(m) —JI(m)).
So, even if J is equivariant (¢ = 0), Jym is not, in general.
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MARSDEN-WEINSTEIN POINT REDUCTION

o ®:G X M — M free proper symplectic action.

e The action admits a momentum map J : M — g=*.

e VM is connected; if J equivariant, this is not needed.

e Thenany u e J(M) C g* is a regular value of J: by the Bifurcation
Lemma, J is a submersion on an open subset of M. So J_l(u) IS

a Gy-invariant (equivariance of J) closed embedded submanifold of
M

¢ Gu:={9gcG|Ad 1pu+oa(g)=p}

(i) Thenon M, = J_l(u)/GM there is a unique symplectic from wy,
characterized by: mjw, = ¢ w.

ty - J71(u) < M inclusion,

s I () — I~ () /G, projection.
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(ii) Flow F; of X, h € C°(M)%, leaves the connected components
of J=1(w) invariant, commutes with the G-action, so it induces a
flow F}' on M, by

WMOFtOiM:FtMOW,u.

(iii) F/" is Hamiltonian on (M, w,) for the reduced Hamiltonian
h, € C°°(M,) given by

hyomy = hoiy.
(iv) If h,k € C°(M)Y, then {h,k}y = {hy, ku}m,.

Initial submanifold . : N — M: (injective) immersion such that for
any smooth manifold P, an arbitrary map g : P — M is smooth if
and only if tog: P — N smooth.

This is stronger than injective immersion but weaker than embed-
ding. Typical examples are the leaves of a generalized foliation.
For example, any orbit O,, of a smooth G-action is an initial sub-
manifold diffeomorphic to G/Gyn,. Let G be a Lie group and H a
subgroup; then there is a unigue smooth manifold structure on H
that makes it into an initial submanifold of G. So Lie subgroups

(the inclusion is an immersion) are initial.
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ORBIT REDUCTION

(i) On Mo, = J_l(OM)/G there is a unique symplectic form wp,
characterized by L%Mw = ﬂ'zf)Iqu,u <+ Jzk?uwé)_u' Lo, J-1(0,) — M,
‘]Ou — J‘J—l(oﬂ)r and wb"u iIs the 4+-symplectic structure on the affine
orbit Oy. (Mo, we,) is the symplectic orbit reduced space.

(i) h € C°(M)C. The flow F; of X}, leaves the connected compo-
nents of J_l(Ou) invariant and commutes with the G-action, so it

induces a flow Fto“ on Mo, determined by mp oFioip, = FtOIuOﬂ-OM'
(iii) Vector field generated by the flow Fto“ on (Mo,,we,,) is Hamil-
tonian with associated reduced Hamiltonian hp, 6 € C°(Mp ) de-
fined by ho, om0, =hoto,. X, and Xhou are mp -related.

(iv) h,k € C°(M)Y = {h, k} € C>°(M)% and {h, k}o, = {ho,, ko, } Mo,
where {-, '}MOM denotes the Poisson bracket associated to the sym-
plectic form wo, on Mg,

(v) M, and Mg, are symplectomorphic.
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Problems with the symplectic reduction procedure

1.) Momentum map may not exist. This is particularly acute in
the Poisson case. Any Poisson action that admits a momentum
map must preserve the leaves. This is too strong! Many examples.

2.) Where is conservation of isotropy? The momentum map does
NOT get it. J~1(u) are not the smallest invariant sets. Reduction
completely ignores this point.

3.) M, is not a smooth manifold.

4.) If G is discrete, the momentum map is zero. What is reduction
in that case?

5.) For G-manifolds M(H) are the natural objects and My appear
as technical tools. For symplectic geometry, Mg is natural and
there is no reason to work with Mgy that has no structure.

Issues 2-4 are related to bifurcation problems.
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POISSON REDUCTION
Fernandes-Ortega-Ratiu [2009]

b G X P— P proper Poisson action, H C G an isotropy subgroup,
N(H) its normalizer.
Py is a Lie-Dirac submanifold of P with Poisson bracket given by

{f,hy vy = A{F hYH vy YV R € CF(Mp)

where f,h € C°(M)H are arbitrary H-invariant extensions of f,h.
Natural action of L(H) := N(H)/H on Py is proper free Poisson so
My /L(H) is Poisson: char. projection My — Myg/L(H) is Poisson.

N C P is Lie-Dirac if JFE C TM]|y vector subbundle such that
E° is a Lie subalgebroid of T*M <«—= the vector subbundle E is a
coisotropic submanifold of the tangent Poisson manifold T'P.

C®(M/G) :={f € COM/G) | fom € C(M)“}
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X a topological space. A Poisson stratification of X is a stratifi-
cation § = {S,};c7 into Poisson manifolds S; with a Poisson algebra
(C*®°(P),{,}x) such that all inclusions s; : S; — X are Poisson:
{f, h}X 0s; = {f os;,ho Si}SZ., Vi,he C®(X),iel.

b : G x P — P proper Poisson action, H an isotropy subgroup.
Then My/L(H) — M my/G (the quotient of the inclusion) is a
diffeomorphism thereby endowing M(H)/G with a Poisson struc-
ture. If H{, H> € (H), the Poisson structures on Mpy/G induced
by My, /L(Hy) and My, /L(H>) coincide. Can characterize Poisson
structure on My /G in terms of Dirac geometry.

Diagram of Dirac manifolds (relevant structures are Dirac)
MH\

inclusions are backward and projections are forward Dirac maps.

M ()
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SINGULAR POINT REDUCTION
Sjamaar[1990], SjLe[1991], BalLe[1997], OrRa[2004]
J:(M,w) — g*, M connected or J equivariant,

o(g) =J(g-2) — Adz_1 J(z), o:G — g* Souriau one-cocycle
O(g,v) .= Adz_1 v+ o(g), affine action

M}Z} connected component of Mgy containing m,

H:=Gm, Jm)=p, Gy isthe ©-isotropy at p

(1) I (w) N (G- MP) is embedded in M.

(i) M) = (371 (u)N (G MT)]/G,, has a unique quotient manifold
structure such that

H _ H
A TN (W) N (G- MY — M
IS a surjective submersion.
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(i) H!waH) e QQ(M&H)) symplectic, characterized by

[//(LH) * ., — W,L(LH) *w,L(LH)

Y

L,SH) - I () N (G - M7) — M inclusion. (M,SH),%(LH)) are the

singular symplectic point strata.
(iv) h € C®(M)E. Flow F; of X} leaves the connected components

of J71(w) N (Gp - M) invariant and commutes with the Gy-action,
so it induces flow F}' on M,SH) Characterized by

W,SH) o F} o L/SH) = Ftu e WISH).

(v) F{'is the flow of X () € x(MS"), wi)) for the reduced Hamil-
L

tonian n - M) — R given by B o 7 = ho (.

H
Xy, and thH) are wfb )_related.
(Vi) h,k € (% = {h,k} € 0D, (b k3™ = {mp™ KDY,

where {-,-}M(H) is the Poisson bracket induced by the symplectic
1)

H
structure on M;S ).
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Sjamaar point reduction principle
GOAL.: Realize the strata as usual reduced spaces.
e Remember that m € M is fixed, H := Gm, p = J(m).
o N(H)" :={ne& N(H) |n-M{# C M#}}.
N(H)™ is open hence closed in N(H). Also H C N(H)™. Thus
Lie(N(H)™/H) = Lie(N(H)/H) =: 1
o L' := N(H)™/H acts freely properly and symplectically on M}
with momentum map

Jrm . M}? S Z /\(J|M[7}1(Z) — ) € (Lie(Lm))*

o A (g2 — (Lie(L™))*, L™-equivariant isomorphism

(@), 5] (eotoym) = (5.9,

B e (gp)t, € € Lie(N(H)™) = Lie(N(H))

e g-. denotes the annihilator of g in g*

o (g) are the H-fixed points in g2,

e Non-equivariance 1-cocycle 7 of Jym: Vl=nH € L™, Yne€ N(H)™

T: LM 1l+— A(o(n) +n-pu—p) e (Lie(L™))".
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: H _ H _
(@) =7 I (w) N (G- M) = M) = [T (w) N (G- MT)]/G,,
smooth bundle with fiber G, /H and structure group Ng, (H)™/H.

(i) (Mo = J;m(0)/LE = (I~ 1(w) N MP/(Ne,,(H)™/H); LY #
L™, in general since the action is affine.

(iit) 7 : JZﬂl@(O) — (M7})o is a principal L§*-bundle. G /H is a right
(Ng,(H)™/H)-space and J~1(u)NMJ} is a left (N, (H)™/H)-space.
Associated bundle with fiber G\,/H

Gu/H XNGM(H)m/H (J_l(,u) M MIrr{n) —
(371 () 0 M /(Ng, (H)™/H).
iIs G-symplectomorphic to
DI N (G M) — MY e,

o Gu/H Xy, (mrym/m (J—l(u) N M;g;) =, I ) N (G- M) diffeo.
o (Mo =J7m(0)/LE = (I~ Y ()N M) /(N¢g,(H)™/H) is symplec-

tomorphic to ML(LH).

Quantization of Singular Spaces, December 13-17, 2010, Aarhus University
20



Stratification theorems

{J7Y(w) N (Gu - M) | J(m) = u} Whitney (B) stratification of
I~ ().

{ML(LH) | (H)} is a symplectic Whitney (B) stratification of the cone
space M, :=J1(u)/G,.

Each connected component of M, contains a unique open stratum
that is connected, open, and dense in the connected component of
M, that contains it.
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SINGULAR ORBIT REDUCTION

(M,w,G,J : M — g*), M connected or J equivariant
affine action © associated to group one-cocyle o : G — g*
induced = € Z2(g;R)

(&) = I0M) - (35,0M(2), zeM

Affine Lie-Poisson structure on g*
Of dg dOf dg
(056 = (o2 20 )5 = (3L.59)

Orbit symplectic form

wp, () (Eg (1), ng= (1) = (v, [€, n]) F Z(&, m),
where £4«(v) 1= —adzy + > (&, -).
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What topology should we put on J=1(0,)? For J=1(u) we took the
induced topology. Wrong now! We shall take the initial topology

induced by the map Jo, = J|j-1(0,) : J7H(Op) = Oy, where O ~
G /Gy, comes with its own manifold structure. Then

fiGxg, I N w2 g, 2l —g-2€ IO

iIs @ homeomorphism. Consistent with regular case.

(1) G- (I~ (w) N MP) is an initial submanifold of M
T (G- (I (W) N Mj})) =
span{&y(z) + X;(2) | € € g, f € C¥(M)CY.

(i) M(giﬂ = [G- (3-1(w) N M™)]/G has a unique quotient differen-
tiable structure such that the projection

ol G (I N ME) — MG

IS a surjective submersion.
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(iit) 3! symplectic form wéH) = QQ(M((QH)) characterized by

H) % H)x (H H) %
Dy = D5 (D) 4 50D

(H) G- (J™ 1(u)ﬂMm)<—>M inclusion, J(M) G-(J~ 1(u)ﬂMm)—>(9M
|s obtained by restriction of the momentum map

“Ou’

(iv) h € C®(M)E. Flow F; of X} leaves connected components of
G- (I () N M) invariant and commutes with the G- action so it

induces a flow FtO“ on (H) given by 7r( )o Fyo L(H) = Ft ng)'
(v) F, Ok is the flow of X (H) c %(Mélz),wéu)) relat|ve to the reduced

Hamiltonian »1") M(H) — R defined by h{) o 7 = p o {1
Ou 7 7 7
Xp and X (H) are 7783) related

Ou
| . - H H
(Vi) h,k € C°(M)C = {h,k} € C°(M)Y, {h, k}é) ) = {hou (u)}MUZ)’

{5} (H) Poisson bracket induced by the symplectic form on M ((QH),

u
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Sjamaar orbit reduction principle
GOAVL: Realize the strata as usual reduced spaces.

) 7o) G- nMEp) — MED =[G () N MED1/G

defines a smooth fiber bundle with fiber G/H and structure group
N(H)™/H. Recall that N(H)™ is the open and hence closed sub-
group of N(H) that leaves M}} invariant (as a set) and J(m) = p.

(i) L™ := N(H)™/H acts freely properly and canonically on M7}.
It admits an associated momentum map
Jym Mg > z+— /\(J|MI7}"L(Z) — ) € [*.
The regular orbit reduced space (M}?)@O at the affine orbit corre-
sponding to O € [* is given by
(Mo, = Izm(Oo) /L™
= [J"H N )™ - p) 0 M| /(N (H)™/H)
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(iii) 7o, JZ#@(OO) — (M{)o, is a principal L™-bundle. G/H
is a right (N(H)™/H)-space and J=Y(N(H)™ - u) N MP is a left
(N(H)™/H)-space. The associated bundle

G/H X ngrym/g (7NN CH)™ - p) 0 M)
— [TTLVED)™ - p) 0N M| /(N (H)™/H).
iIs G-symplectomorphic to
ng G- (T Y () n M) — ng), ie.,

o G/H X n(pym /g (J7L(N(H)™ - p) 0 M) is G-diffeomorphic to
G- (I () n M)
o (Mo, = JIrm(Og)/L™ =

ITHNUD™ - ) 0 M (N ()™ /H)

IS symplectomorphic to ng).
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Stratification theorems

Iy J7 () — J=1(0,) inclusion and L, : J=1(u)/Gy — J=1(0OL)/G
be defined by the commutative diagram

Il X 3710

| |7

IL()/Gu 5 I7HOw)/C.

Consider J=1(u)/G, as a smooth symplectically stratified topolog-
ical space. Then:

(i) {Mgz) | (H)} is @ smooth symplectic Whitney (B) stratification
on J~1(0,)/G.

(i) L, is a homeomorphism of smooth symplectic Whitney (B)
stratified spaces.
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I () S (D)

Ty TO,
LM
I (1) /Gy - JH(0L)/G
L
I () N (G- M) /G G-I ' (w)ynMp)/G
H
& &
Lo
J H0)/Ly J 1 00)/ L™

/ N\

I w) N M|/ (Ne, (H)™/H) - [J7HNHE)™ - p) 0 M|/ (N(H)™/H)
28



Iy : J () — J=1(0,) is the inclusion

L, is an isomorphism of symplectic cone (hence Whitney (B)) strat-
ified spaces; in particular it is a homeomorphism

Lo: J;m(0)/LE — J74(Og)/L™ and

H _ _
L) 371wy N (G- M) /G — G- (372 (w) N MP) /G
are symplectomorphisms

LﬁH) is the restriction of L, to the stratum determined by H := G,

s I (w) = 371 (w) /Gy and mp, 1 I7H(OL) = I7H(0W) /G
are projections onto quotient manifolds

8 3780 /L = 371 (W) N (G - M) /Gy and
78D 3 A 00) /L 5 G- (371w n M) /G

are the Sjamaar principle diffeomorphisms

Second pair of upwards pointing arrows are the inclusions of the
stratum in the ambient stratified space
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COTANGENT BUNDLE REDUCTION

Regular case: G acts freely and properly on @@ and by lift on T*Q.

Problem: Relate the reduced space (T*Q), = (T*Q)@M to T*(Q/Gu)
and T*(Q/G). There is obviously a problem because
dim (T*(Q/Gu)) = 2dimQ — 2dim G,
>2dimQ@Q —dimG —dim G, = dim ((T*Q) )
>2dimQ —2dimG =dim (T*(Q/G))
So one expects two theorems: an embedding theorem into T%(Q/Gp)
and a fibration theorem over T*(Q/G). In addition, there should

be a Poisson theorem giving explicit expressions to the bracket on
(T*Q)/G. This is indeed the case and we will discuss these results.

Equivariant momentum map J : T*Q — g*

(J(ag), &) = ag(€g(qa)), oaqeT;Q, £cg

Form reduced manifold ((T*Q)u,wu), (T*Q), = I~ (1) /G
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Embedding version

* TQ.G, Q — Qu = Q/G, surjective submersion

e Gy-momentum map JH 1 T*Q — g, JH(ag) = J(ag)lg,-

Note: J=1(u) C (J#¥)~1(u') where p/ := plg, € g,

Since the action is free and proper, p and p’ are regular values.
p' is Gy-invariant but p is not

Assume there is a Gy-invariant oy € Ql(Q) such that:
(H1) o, (Q) C (JF)~ 1(u) or

(H2) o, (Q) I ()

(H1)

£ €0 g€ Q= (ig,ap)(q) = (J(au(g)), &) (W', €) = Qg o is a
constant function on Q, SO 1§Qdaﬂ = £§Qau dngaM = 0= dIg, €

Q?(Qp) closed such that w7, ¢ By = day..
Let By := 7y, Bu € Q2(T*Qu), where mq, 1 T*Qu — Qu
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(i) If hypothesis (H1) holds, then there is a symplectic embedding

Pu - ((T*Q),uaw,u) — (T*Q,u,wcan — By)
(pullagln) Tymg.q, (vg) ) = (ag — (@), vg), Vg € TyQ
onto a submanifold of T%Q, covering the base Q, = Q/G.

(i1) ¢, is a symplectic diffeomorphism if and only if g = g,.

(iii) If (H2) holds, then the image of ¢, is the vector subbundle
[TT('Q,GM(V)]O C T*Qu, where V . C T'Q is the vector subbundle with
fibers Vi, = {{p(q) | £ € g}, and ° denotes the annihilator.

(iv) If (H1) holds and A* € Q1(Q;g,) is a connection on the prin-
cipal Gy-bundle g q, 1 Q = Q/Gy, take ay = (U, A") € Q1(Q).
Then day, = (i, B*), B* € Q2(Q; g,) is the curvature of A,

(iv) If (H2) holds and A € Q1(Q; g) is a connection on the principal
G-bundle o ¢ 1 Q@ — Q/G, take oy 1= (u, A) € Q1(Q). Then day =
(, B + (1, [A, Al) = (n,d.A), B € Q2(Q;g) is the curvature of A,
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T he mechanical connection

(Q, {,)) Riemannian manifold. G acts freely properly by isometries
on Q. Horizontal bundle H:= metric orthogonal to vertical bundle
V', defines the mechanical connection. Its connection one-form?

The momentum map can be interpreted as J : TQ — g%,

(I(vq), &) = (v £(@))), V€ € 8. Hy = {vg € T,Q | I(vg) = 0}.

Locked inertia tensor: I(q) : g — g%, (I(g)n,¢) = <<77Q(q),CQ(q)>>,
Vn,( € g. Since the action is free, I(q) is invertible.

Mechanical connection one-form A € Q1(Q;g) is

A(q) (vg) = 1)~ (I (vg)).
Then oy = (u, A) is characterized by (Smale [1970])

lo(@)¥1? = inf{[IBEI% | B € I () NTF QY.
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Bundle version

Adjoint bundle: § = Q xgg = (Q x g)/G for the G-action
(9,(q,8)) € Gx(Q xg)— (9-¢AdgE) € Q x g. The vector bun-
dle 75 : g — Q/G, 75(9,8) ‘= mg.c(q) = [q] is a Lie algebra bundile:
that is, its fibers are Lie algebras defining the bracket:

[W§(97£)7ﬂ-§(97n)] L= Wﬁ(g7 [6777])7 \V/QEG, Vfanég
Defines a Lie bracket on every fiber; smooth as a function of [g].

7 Q — Q/G principal G-bundle, A € Q1(Q:g) connection.

Vector bundle isomorphisms over /G (CeMaRa[2001])

ay o TQ/G 3 [vg] — Tym(vg) @ lg, A(q)(vg)] € T(Q/G) © g
(oz;ll)* T*Q/G 3 [ag] — horyaq @ [q,J(ag)] €T7(Q/G) D@
horg : Ti1(Q/G) — T4Q is the horizontal lift map.

Poisson bracket on T*(Q/G) @& g*: for f,h € C*°(T*(Q/G) ® g*)
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. Ofdh Afdh | |_ ~(Bf Oh _ [6n of
{f,h}(z,y, 1) = 929y 9y oz -+ <M,B (ay, ay>> -+ <u, [aﬁ, aﬁ]>

e First two terms: symbolic for the canonical bracket on T*(Q/G)
e Of/0y € T(Q/G) and df/0u € g are fiber derivatives

e 5 is the curvature thought of as a g-valued two-form on Q/G
MoMaRa[1984], Montgomery[1986], CeMaPeRa[2003]

The leaves are the orbit reduced spaces (T*Q)p = J1(0)/G.
(az)*(A7H0)/G) =T*(Q/G) xg/g O = (V° x 0)/G — T*(Q/G),

associated bundle © = (Q x ©)/G for coadjoint action of G on O.
The symplectic form is wcan — 3, where wecan € Q2(T*(Q/@)) is the
canonical symplectic form and 8 & QQ(O) IS the unique two-form
determined by 7r~/3_doz—|—7r2wb", QX0 =30, 715 Vox0O = O,

a € QL(Q x O) is defined by a(q,v)(vq, — adz v) = (v, A(q)(vq)) and
da(Qa V)((U'CJ) T adz V)a (va o ad;; V))
= — (v, [A(q)(ug),n]) — (v, [, A(q) (vg)]) + (v, [§,n]) + (v, B(q)(ug, vq))

MaPe[2000], Zaalani[1999], CuSn[1999]
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Extreme case 1: Q =G = Q/G =point =
O=(Qx0))G=gx0)/G=0

and wcan — B = wa.

Extreme case 2: G commutative = fibers of 5col|apse and we are
left with T*(Q/G). The symplectic form is magnetic: wcan — {(u, B),
where O = {u}.

Singular cotangent bundle reduction is not a finished subject yet.
The results presented below are due to PeRoS0[2007], PeRo2006],
Rodriguez[2006]. Complete results are for reduction at 0. The
study in complete generality, i.e., reduction at an arbitrary u € g*,
is in PeRaRo[2011], almost finished.
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SINGULAR COTANGENT
BUNDLE REDUCTION

o (T*Q)p is a stratified symplectic space.

e (Q/G has an orbit type stratification

Q/G = || Qk)/G
(K)el(G,Q)

I(G, Q) lattice of isotropy subgroups of G-action on @

° J_l(O)/G has an orbit type stratification
Itoye= [ (7NN (TR ) /¢
(L)el(G,J-1(0))

=5 | | (T*Q)gL)
(L)eI(G,J~1(0))

I(G,J~1(0)) lattice of isotropy subgroups of G-action on J=1(0)
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QUESTION: Is J71(0)/G — Q/G a stratified fibration? NO!
The coisotropic stratification appears here. Explain it.

Standard notation: (K) < (H) < H conjugate to a subgroup of K

¢ I7YO)NTIQ = (5 9)° = J_1(0)|Q(H) C (T*Q)lqyy, vector sub-
bundle. It carries a G-action.

o (J—1(0)|Q(H)>(K) + @ if and only if (K) € I(G,Q) and (H) < (K)

° (J_1(0)|Q(H)>(K) is a fiber bundle over Q(H). Its quotient

_ J=H0) N (T*Q) iy N (T* Q)|
Sty = (I Ooyy) oy /G = é ) W

is called a seam from H to K if (H) < (K) (Schmah[2002]).

e J71(0)/G — Q/G restricts to a fibration Siyy<x) = Qm)/G-
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e (L) € I(G,J71(0) < (L) € I(G, Q).
e Therefore, stratum (T*Q)(()L) #= @ if and only if (L) € I(G,Q).
e T he symplectic stratum (T*Q)E)L) admits the following partition:
T = U Sun=w =05/ U Sun<w
(H)=(L) (H)=(L)
where S(H)j(L) is the seam from H to L and J(L) : T*(Q(L)) — g*

IS the momentum map for the lifted action of G on Q(L).
e SO we get the finer stratification

I7H0)/G = | S(m=(L)
()=(L)EI(G,Q)

refining the symplectic stratification: S¢zy<zy € (J~H(0)N(T*Q) (1)/ G-
e S(m)=(r) IS @ coisotropic submanifold of (J-10)n (T*Q)(L)/G.

* S(y=(1) = J(_Ll)(O)/G is open and dense in (T*Q)(()L), projection

(T*Q)(()L) — Q(1)/G =: Q) is a stratified surjective submersion.
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e (T7Q)o — Q/G is a stratified surjective submersion relative to the
coisotropic stratification on (T*Q)g and the usual orbit type strati-
fication on Q/G.

e The reduced symplectic form w(()L) on (T*Q)(L) coincides with the
symplectic form on (L)(O)/G obtained by reduction of T* (Q(L))

and, conversely, this reduced symplectic form on J(L)(O)/G has a

unique extension to (T*Q)(gL) which is w( ).
e The open dense stratum S;y<() = J_ )(O)/G is a maximal sym-

plectic submanifold of the symplectic stratum ((T*Q)(L), (L)) and

Is symplectomorphic to the canonical cotangent bundle (T*Q(L),wL).

ROUGHLY: Each stratum of the singular reduced space J~1(0)/G
is the union of a cotangent bundle with coisotropic seams. So,
J_l(O)/G is a bunch of cotangent bundles glued together by the
coisotropic seams.
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What happens for J=1(u)/G .7

T he first question to be answered is: How do the orbit type stratifi-
cations on Q relate to those on T*Q. Since Gq, C G¢ and Gq, 7# Gy,
in general, even the isotropy lattices do not coincide.

L C G closed subgroup. Then (L) € I(G,T*Q) <— 3(Hq1),(H»>) €
1(G,Q), (K) € I(H,b3) such that (Hy) = (Hz) and L= H; N K.

The next step is to stratify all concepts in the bundle version of
cotangent bundle reduction; e.g., have singular connections, etc.
Replace the Sternberg construction

Ve — Q

| L
T*(Q/G) — Q/G.

~

Q — N*Q

l J

J-1(0)/¢ — Q/G.

41



BANACH POISSON MANIFOLDS

(P,{:,-}) Poisson manifold: C°°(P) has a Lie algebra bracket {-,-}
satisfying the Leibniz property in each factor.

Joint work with Anatol Odzijewicz

What happens in infinite dimensions? By the Leibniz property, the
value of the Poisson bracket at a given point p € P depends only
on the differentials df(p), dg(p) € T; P which implies that there is
a smooth section w of the vector bundle A2 T**P satisfying

{f, 9} = =(df,dg).
So, for each p € P the map wy : T;‘PxT;P — R is a continuous bilin-
ear antisymmetric map that depends smoothly on the base point p.
Let 4 : T*P — T**P be the bundle map covering the identity defined

by tp(dh(p)) = w(-,dh)(p), that is, tp(dh(p))(dg(p)) = {g,h}(p),

for any locally defined functions g and h.
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Xy =w(-,df) =4(df), or, as a derivation, X; = {-, f} is a smooth
section of T**P and hence is not, in general, a vector field on
P. In analogy with the finite dimensional case, we want Xf to be
the Hamiltonian vector field defined by the function f. In order to
achieve this, we are forced to make the assumption that the Poisson
bracket on P satisfies the condition §(7T*P) C TP C T**P.

A Banach Poisson manifold is a pair (P,{-,-}) consisting of a
smooth Banach manifold and a bilinear operation {-,-} satisfying
the following conditions:

(i) (C*=(P),{,-}) is a Lie algebra;
(ii) {-,-} satisfies the Leibniz identity on each factor;

(iii) the vector bundle map ¢ : T*P — T**P covering the identity
satisfies §(T*P) C TP.
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By (iii), every h € C°°(P) defines a Hamiltonian vector field by

Xh[f] L= <df7 Xh> — {f7 h}

where f is an arbitrary smooth locally defined function on P.

v:(P1,{,}1) = (P4, }>2) is canonical or Poisson if

e {f9}2 ={¢"f, ¥ gh

for any two smooth locally defined functions f and g on P>. Using
(iii), this is equivalent to

X%OQO:TQOOX%W

for any smooth locally defined function f on P>. Therefore, the
flow of a Hamiltonian vector field is a Poisson map and Hamilton’s
equations in Poisson bracket formulation are valid.
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Banach symplectic manifolds
If the continuous linear map vp € TpP — w(p)(vp,-) € Ty P is
e injective, w is said to be weak,
e Dbijective, w is said to be strong.

Any strong symplectic Banach manifold (P,w) is a Banach Poisson
manifold: for any f € C°°(P) there exists a vector field X, such
that df = w(Xy,-). The Poisson bracket is defined by {f,g} =
w(Xr,Xg) = (df, Xg), thus gdf = Xy, so §(T*P) C TP.

If (P,w) is weak, this is not possible. So we generalize here the
notion of strong symplectic manifold. In the weak case, a differ-
ent approach must be taken by restricting the function spaces and
working with vector fields that are only densely defined.

Classical Poisson reduction holds for Banach Poisson manifolds

(with the usual condition but taking the closure of a non-direct
sum).
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BANACH LIE-POISSON SPACES

(b,{-,-}) a Poisson manifold with b a Banach space and b* C C°°(b)
IS @ Banach Lie algebra under the Poisson bracket operation.

b is a Banach Lie-Poisson space if and only if b* is a Banach Lie
algebra (b*,[-,-]) satisfying ad%.b C b C b** for all x € b*. Moreover,
the Poisson bracket of f,g € C°°(b) is given by

{f,9}(b) = ([Df(b),Dg(b)], ), b€ b,
where D is the Fréchet derivative. If h € C°°(P),

A morphism between two Banach Lie-Poisson spaces b1 and bo

IS a continuous linear map ¢ : by — bo that preserves the Poisson
bracket structure, that is,

{fod,godt1 ={f,g}20¢

for any f,qg € C°°(bs); ¢ is also called a linear Poisson map.
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Example: Operator Algebra Brackets. ‘H complex Hilbert space.
e S(H) = L1(#), trace class operators

e HS(H) = L2(H), Hilbert-Schmidt operators

e R(H), compact operators

o B(H) = L°>°(H), bounded operators

They form involutive Banach algebras. &(H), HS(H), A(H) are self
adjoint ideals in B(H).
S(H) CHS(H) C R(H) C B(H)
ARH)" = 6(H), HEH)* =H6(H), G(H)" = B(H),

the right hand sides are all Banach Lie algebras.
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Dualities are implemented by the strongly non-degenerate pairing

(x,p) = trace (xp)

where © € &G(H), p € A(H) for the first isomorphism, p,x € HGS(H)
for the second isomorphism, and z € B(H), p € 6(H) for the third
iIsomorphism.

The Banach spaces G(H), HS(H), and R(H) are Banach Lie-Poisson
spaces. T he Lie-Poisson bracket becomes in this case

{F, H}(p) = + trace ([DF(p), DH(p)]p)

where p is an element of G(H), HS(H), or K(H), respectively. The
bracket [DF(p), DH(p)] denotes the commutator bracket of opera-
tors. The Hamiltonian vector field associated to H is given by

Xu(p) = £[DH(p),pl.
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Example: Preduals of W*-algebras. A W*-algebra is a C*-algebra
m with predual Banach space my, i.e., m = (m«)*; predual is unique.

Since m* = (m«)** = my canonically embeds into the Banach space

m* dual to m. Always think of m, as a Banach subspace of m*.

A net {zqa}h,ca C m converges to z € m in the o-topology if

lim,ca{za,b) = (z,b) for all b € mx. o-topology is Hausdorff. Alaoglu’s
theorem states that the unit ball of m is compact in the o-topology.

my« = {a € m* | a is o-continuous} is a Banach Lie-Poisson space.

a a C*-algebra. Then its dual a* is a Banach Lie-Poisson space.

m a W*-algebra, ms its predual. The inclusion ¢ : msx < m* is an

injective linear Poisson map and the Poisson structure induced by
it from m™ coincides with the original Lie-Poisson structure on mx.
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SYMPLECTIC LEAVES AND
COADJOINT ORBITS

A smooth map f: M — N between Banach manifolds is called a:
(i) immersion if for every m € M the tangent map Ty,f : TrinM —
Tf(m)N IS injective with closed split range;

(ii) quasi immersion if for every m € M the tangent map Ty, f :
TrmM — Tf(m>N IS injective with closed range;

(iii) weak immersion if for every m € M the tangent map Ty f :
TmM — Tf(m>N IS injective.

(P,{-,-}p) Banach Poisson manifold. Characteristic subspace at
p: Sp :={X¢(p) | f € C°(U),U open in P, pec U} C TpP; not always
closed in Tp P. Characteristic distribution: S := U,cpSp C TP, the
characteristic distribution; not a subbundle of T'P, in general. S'is
always smooth: Vv, € Sp, C TpP, 3 a locally defined smooth vector
field (namely some X ) whose value at p is vp.

Assume that the characteristic distribution is integrable. For finite
dimensional manifolds this is automatic by the Stefan-Sussmann
‘) nich | I 1able in infinite di .
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Let £ be a leaf of the characteristic distribution, that is,

e L is a connected smooth Banach manifold,

e the inclusion ¢v: L — P is a weak injective immersion,

o T,u(TyL) =S4 for each q € L,

e if inclusion / : £’ — P is another weak immersion satisfying the
three conditions above and £ C £' = £' = £, that is, £ is maximal.

If on £ there is a weak symplectic form w, consistent with the
Poisson structure on P, then L is a symplectic leaf.

Poisson structure f#, : TP — TpP induces a bijective continuous
map [4p] : Ty P/ kerfp — Sp. Then w, is consistent with {,} if

wr (@) (g, vg) = @(1(@)) (Mgl ™ © Tur) (ug), ([t ()]~ 0 Tye) (vg)) -
So, if consistent w, exists, it is unique.

dim P < oo = all leaves are symplectic.

dim P = oo open, even for Lie-Poisson.
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Let G be a Banach Lie group with Lie algebra g. Assume that:
(i) g admits a predual g«;

(ii) the coadjoint action of G on the dual g* leaves the predual g«
invariant, that is, Ad;(g«) C g+, for any g € G;

(iif) if p € g«, Gp := {g € G | Ad;p = p}, closed in G, is a Lie sub-
group of G (a submanifold of G and not just injectively immersed).

Then the Lie algebra of G, equals g, :={{ € g | adz_fp = 0} and the
quotient topological space G/G) := {gG) | g € G} admits a unique
smooth Banach manifold structure making the canonical projection
m . G — G/G)p a surjective submersion. The manifold G/G, is weakly
symplectic relative to the two-form w, € Q?(G/G)) given by

wp([gD (Tym(TeLg€), Tym(TeLgn)) = {p, [§; 1) ,

&n € g, 9 €G, gl i=m(g) =gGp, and (-,-) 1 g« xg — R (or C) is
the canonical pairing. The two-form w, is invariant under the left
action of G on G/G) given by g - [h] := [gh], for g,h € G.
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i[9l € G/Gp — AdZ—lp € g«

IS an injective weak immersion. Endow the coadjoint orbit O =
{Ad; p | g € G} with the smooth manifold structure making ¢ into a
diffeomorphism. Then tx(wp) = wp Where

wo(Ad? 1 p) (adag, ¢ Ad? 1 p,adig, , Ad? 1 p) = (p, [£,1]),
ge G, &En€Eg, p€gx. Connected components of the coadjoint orbit
O are symplectic leaves of the Banach Lie-Poisson space gsx.

The following conditions are equivalent:

(a) . : G/Gp — g« is an injective immersion;

(b) the characteristic subspace S, := {adzp | £ € g} is closed in gs;
(c) Sp =g, where gj is the annihilator of g, in g«.

Endow the coadjoint orbit O = {Adgp | g € G} with the mani-
fold structure making ¢ a diffeomorphism. Then, under any of the
hypotheses (a), (b), (c¢), the weak symplectic form wp is strong.

Examples in operator algebras with D. Beltita and B. Tumpach.
Conditions for Kahler orbits. Borel-Weil Theorem via reproducing
kernel Hilbert spaces; avoids integration in infinite dimensions.
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QUANTUM REDUCTION
Coinduced Poisson structure

(b1,{-,-}) Banach Lie-Poisson space, by Banach space, « : by —
bo linear continuous surjective. Then b, carries the Banach Lie-
Poisson structure coinduced by 7 < rangen™ C b7 is closed under
the Lie bracket [-,-]; of b]. The map n* : b5 — bl is a Banach Lie
algebra morphism whose dual 7=** : b7* — b5* maps b; into bs.

Quantum mechanics example

p € L1(#H) a mixed state: p* = p > 0 and trace(p) = ||p||1 = 1. Apply
a measurement operation corresponding to the discrete orthonormal
decomposition of the unit

o0
n=1

By the von Neumann projection postulate, the density operator p of
the state before measurement is transformed by the measurement
to the density operator R(p) given by
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@)
R(p) := ) PppPn, R: LY(H) = LY (H) = R* : L®(H) — L®(H)
n=1
(i) R is a continuous norm one projector: R? = R and ||R|| = 1;
(ii) R preserves space of states: p* = p > 0 = R(p)* = R(p*) =
R(p) > O;
(iii) range R* is a Banach Lie subalgebra of L®(H).

Hence R : LY(H) — range R C L1(H) is a Poisson projection coin-
ducing a Poisson bracket on range R.

Conditional expectations

In the theory of quantum physical systems (including statistical
physics) the W*-algebra is the algebra of observables and the norm
one positive elements of ms C m*™ are the normal states.

A norm one map E : m — m which is idempotent (E? = E) and
maps m onto a C*-subalgebra n is called conditional expectation.
If E is o-continuous then n is a W*-subalgebra of m. In that case,

the adjoint F* : m™ — m™ preserves my C m* and maps my onto ns.
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R := E*|m, : mx — my iS @ continuous projector; R* : m — m. Since
range R* = range £ = n = range R* Banach Lie subalgebra (n,[-,‘])
of (m,[-,-]). So, like in the case of the measurement map discussed
earlier, R to coinduces a Banach Lie-Poisson structure on range R.

A quantum reduction map is a continuous projector R: b — b on
a Banach Lie-Poisson space (b,{-,-}) such that range R* is a Banach
Lie subalgebra of b*.

Hence R coinduces a Lie-Poisson structureon rangeR; R : (b,{-,-}) —
(range R, {-, - }range R) iS @ Poisson map.

Example 1: m a W*-algebra, p € m a self-adjoint projector. Then

m>x— P(x) . =prxp€m

is a uniformly and o-continuous projector on m. Let P* : m* — m*
be the projector dual to P, i.e., (P*u,x) = (u, Px), Vi € m*, x € m.
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Since P is o-continuous = P*(mx) C my. Define Py := P*|n,, pPro-
jector on my. Then (Px)* = P and range P is a W*-subalgebra of m.
But ad} m. C my for z € m = ad;range P« C range Py, Vz € range P.

(D) |1P]] =1

(ii) [range(Py)]" is a Banach Lie algebra;

(iii) adgzrange Px C range Py, Vx € range P.

Therefore Py : my — my IS @ quantum reduction map.

If m = L®°(H) and ms = LY(#) the projector Py : L1(H) — L1(H)
reduces the mixed state p of the quantum system to the state
ppp = Pip localized on the subspace LY (pH) c L1(H). In quantum
mechanics the projector p : ' H — H represents the so called ele-
mentary observable or “proposition” (*“question”) which can have
only two alternative outcomes: “yes’” or “no”’. The measurement
of the “proposition” p reduces the state p to the state Pip and
the non-negative number trace(Pxp) is the probability of the yes-
answer. Since P is a projector, the repetition of the measurement
does not change the state Pip. This is the mathematical expression

of the von Neumann reproducing postulate (von Neumann[1955]).
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Example 2: m a W*-algebra, {pa}qacr C m a family of self-adjoint
mutually orthogonal projectors (i.e., pPapg = dn8Pa and Py = Pa)
such that Y crpa = 1; the index set I is not necessary countable.
Define the map R* : m — m by

R*(x) 1= Z PaZpa, Vr €m,
acl

where the summation is taken in the sense of the o-topology.

The map R* : m — m is a o-continuous linear projector with ||R*|| =
1. Moreover, range R* is a W*-subalgebra of m and hence a Banach
Lie subalgebra of (m,[-,:]). Additionally, Vx,vy, € m, one has

R*(R*(z)R*(y)) = R*(x)R*(y) and R*(a") = (R*(x))". (1)

So (R*)* : m* — m*™ preserves the predual mi« C (mi)*™* = m* and
hence R := (R*)*|m, is a quantum reduction. Note that one has the
splitting m = range R* @ ker R*.
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G (m) the group of invertible elements of a W*-algebra m; it is an
open subset (in the norm topology) of m and is therefore a (real or

complex) Banach Lie group whose Lie algebra is m relative to the
commutator bracket [-,-].

Let R : mx — ms« be a quantum reduction that also satisfies R*(1) =
1 and (1). Then G(m) Nrange R* = G(range R*) is a closed Ba-
nach Lie subgroup of G(m) whose Lie algebra is the Banach Lie
subalgebra range R*.
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COHERENT STATES QUANTIZATION

P Banach Poisson manifold, b Banach Lie-Poisson space. A coO-
herent states map of P into b is a Poisson embedding £ : P — b
with linearly dense range, i.e., spanrangeC = b.

Standard situation: dimP < oo, b = h1(#) is the Banach space
of Hermitian trace class operators on a separable complex Hilbert
space H, K(p) is a rank one orthogonal projector for every p € P.
Then range K C CP(H) by identifying a rank one projector with the
point in projective space determined by its image.

How is IC used in the quantization of a physical system? For the
Poisson diffeomorphism o : P — P, we assume that there is a linear
Poisson automorphism X : h1 (%) — h1(#H), such that the diagram
of canonical maps commutes:

Quantization of Singular Spaces, December 13-17, 2010, Aarhus University

60



IC

p - hH(H)
.
P - hH(H)

By a theorem of Wigner, the automorphism X is of the form X (p) =
UpU*, where U is a unitary or anti-unitary operator on H. Because
range IC is linearly dense in b, if such an automorphism > exists, it
IS necessarily unique. Interpret > as the quantization of o.

Aut(hl(H)) the linear Poisson isomorphisms of h1(#). The set of
all Poisson diffeomorphisms o for which a > as above exists, forms
a subgroup Diffi(P,{-,-}) of the Poisson diffeomorphism group
Diff(P, {-,-}) of P. The map

£ : Diffc(P, {-,-}) — Aut(h' (H))
so defined, is a group homomorphism, the Ehrenfest quantization.

o¢ flow of the Hamiltonian vector field X; on M and assume that o; €
Diff (P, {-,-}) for all t. It is known that the set of all Hamiltonians
h satisfying this condition form a Poisson subalgebra of C°(P).

Hence, by Wigner
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E(ot)(p) = exp(itH)pexp(—itH)

H self-adjoint operator (unbounded, in general) whose domain in-
cludes span KC(P)(#). This correspondence Q : h— H is linear and
satisfies the relation

Q({h1,h2}) = i[Q(h1), Q(h2)],

that is, O is the Lie algebra homomorphism induced by £.
Q is the coherent states quantization.

Odzijewicz [1988], [1992], [1994]: precise relationship between the
coherent states map quantization and the Kostant-Souriau geomet-
ric quantization as well as x-product quantization.

BeBe[2010] have formulated a Weyl calculus for pseudo-differential
operators on nilpotent groups. “Reduction commutes with x-product
quantization for abelian and nilpotent groups”. Uses the explicit

formula of Gutt. WorK in progress.
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