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Outline

@ Algebraic definition:
spectral curves and their invariants W,ﬁg)

@ Some applications

]
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Topological expansion of Matrix models

Discrete surfaces

Intersection numbers and double scaling limits of large
discrete surfaces, Kontsevich integral

Volumes of moduli spaces

Partitions, crystal growth and TASEP

Gromov-Witten invariants

Knot invariants

@ Conclusion
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Spectral curve

e Spectral curve: S = (C,x(z),y(z),B) x,y:C—>0Q)
y(@

X(2)

e Branchpoints a;= points with vertical tangent dx(aj) = 0
Assumption: regular spectral curve ( < Vi, a; = simple).

e Galois conjugate near a;, 3! point z such that x(z) = x(z).
e C =Riemann surf., genus g — #-function, Alg. Geometry...
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Diagrammatic rules

z 7 1 0.(z1 — 2)

l pr— f— -
, , “@2) = sy yana@ = "o@ 2
1 2 = B(z1,22) = dz,dz, IN6,(z1 — z2) = 2ndkind form

ﬂg =) Res 5
i

(g,n) invariant: wn(g)(zl, ...yZn)=(1,...,1)formon C":

Zl 22
: _W( ) (z1,22) = B(z1,22)

o

B. Eynard, IPHT-CEA-SACLAY Invariants of curves



Example (0, 3) invariant

2 %3
H(:jf/ oy /// 2 ///
\23 - %\za ’ 49\5

__jizf?e§_+@ (z1,2)(B(z,22)B(Z,23) + B(z,23)B(Z, 22))

W:)SO)(Zla Z3, 23) =

Example: rational curve z; € C = P*:

led22

P2 = G gy

dz,dz,dz;

Z x"(@)y’(a) (21 — &)?(z2 — &)%(z3 — &)?

WQ(,O)(Zla Z3, 23) =
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More examples

)
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Definition of the Symplectic Invariant Fg, g > 2:
—_ w9 _ (9)
Fg=Wo” = 5— 2 Z Res o, W,%(z) ®(z)

where Z@- = ¢(z) = [ ydx

Example F:

: -%< —O-0 (]

Similar definitions (but more involved) for Fg and F;.

I\.)I—‘
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Main properties

@ Symmetry: W,Eg)(zl, Zy,...,2Zn) Is symmetric in n variables.
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Main properties

@ Symmetry: W,Eg)(zl, Zy,...,2Zn) Is symmetric in n variables.

@ Homogeneity: y — Ay = Fq — A2729 Fg.

e
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Main properties

@ Symmetry: W,Eg)(zl, Zy,...,2Zn) Is symmetric in n variables.
@ Homogeneity: y — Ay = Fq — A2729 Fg.
@ Symplectic invariance: dx Ady = dX Ady =

Fg(S) = Fg(5).

e
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Main properties

(9)

@ Symmetry: Wy*’(z1,22,. . .,2n) is symmetric in n variables.
@ Homogeneity: y — Ay = Fq — A2729 Fg.
@ Symplectic invariance: dx Ady =dX AdY =
Fo(S) = Fo(S).
@ Singular limits, universality: If S(t) is singular att = tc,

then:

b

Fg(S(t)) ~ (t —to)®29" Fg(Blow up, (S))

N\

y /\@ /’Tﬁ‘EV ‘

e —
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Main properties

@ Symmetry: W,Eg)(zl, Zy,...,2Zn) Is symmetric in n variables.
@ Homogeneity: y — Ay = Fq — A2729 Fg.
@ Symplectic invariance: dx Ady =dX AdY =
Fo(S) = Fo(S).
@ Singular limits, universality: If S(t) is singular att = tc,
then:

Fg(S(t)) ~ (t —to)®29" Fg(Blow up, (S))

X
t=t,

: : Af"”"‘\t o
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Main properties

@ Symmetry: W,Eg)(zl, Zy,...,2Zn) Is symmetric in n variables.
@ Homogeneity: y — Ay = Fq — A2729 Fg.
@ Symplectic invariance: dx Ady = dX Ady =
Fo(S) = Fo(8).
@ Singular limits, universality If S(t) is singular at t = t¢,

b e

then: = (©) ~ (t — o) 229k Fg(Blowup, (S))
@ Integrability: Tau-function 7 = exp (Zg N2—29 Fg(S)) e.
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Main properties

@ Symmetry: W,Eg)(zl, Zy,...,2Zn) Is symmetric in n variables.
@ Homogeneity: y — Ay = Fq — A2729 Fg.
@ Symplectic invariance: dx Ady =dX AdY =
Fo(S) = Fo(8).
@ Singular limits, unlversallty If S(t) is singular att = t¢,

b e

then: = ~ (t = 1) P72k Ry (Blow upy (S))
@ Integrability: Tau-function 7 = exp (Zg N2-29 Fg(S)) .

Hirota equations, Determinantal formulae

SN2 WO (2, 7) = det/(K(zi, 7))

(proved in many cases, conjectured for the most general

case.)
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Main properties

@ Symmetry: W,Eg)(zl, Zy,...,2Zn) Is symmetric in n variables.
@ Homogeneity: y — Ay = Fq — A2729 Fg.
@ Symplectic invariance: dx Ady = dX Ady =
Fo(S) = Fo(S).
@ Singular limits, universality: If S(t) is singular att = tc,

y UV
then: Ji Jé\‘—/ Fg(S() ~

@ Integrability: Tau-function 7 = exp (Zg N2—29 Fg(S)) e.
@ Holomorphic anomaly equations = modular
transformations, backround independence.

(t — t)@=291 Fy(Blow up (S))
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Main properties

@ Symmetry: W,Eg)(zl, Zy,...,2Zn) Is symmetric in n variables.
@ Homogeneity: y — Ay = Fq — A2729 Fg.
@ Symplectic invariance: dx Ady = dX Ady =
Fo(S) = Fo(8).
@ Singular limits, universality If S(t) is singular at t = t¢,

b e

then: = (©) ~ (t — tc)®7294 Fy(Blowup, (S))
@ Integrability: Tau-function 7 = exp (Zg N2—29 Fg(S)) e.
@ Holomorphic anomaly equations = modular
transformations, backround independence.
@ Derivatives Variation of the curve y(x) — y(X) + dy(x) =

W (24, ... z0) :/ eri)l(zl,...,zn,z)
(8y dx)*
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Main properties

@ Symmetry: W,Eg)(zl, Zy,...,2Zn) Is symmetric in n variables.
@ Homogeneity: y — Ay = Fq — A2729 Fg.
@ Symplectic invariance: dx Ady = dX Ady =
Fo(S) = Fo(8).
@ Singular limits, universality If S(t) is singular at t = t¢,

[ L*
then: = (1) ~ (t — t) 2294 Fy(Blow upy (S))

@ Integrability: Tau-function 7 = exp N2-29F,(S)) ©.
g 9

@ Holomorphic anomaly equations = modular
transformations, backround independence.
@ Derivatives Variation of the curve y(x) — y(x) + dy(x) =

W (24, ... z0) :/ eri)l(zl,...,zn,z)
(8y dx)*

® And many more ...
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Application: Matrix models

Consider a N x N matrix integral with a topological expansion:

1 00
—NTrv(M § : -2 T
= AN(V) e o N exp (Nz " g gM'M)
9=0

Theorem 1: Schwinger-Dyson (=Loop equations) imply
Famm = Fa(S):

y = 3(V'(x) — VV(x)? = 4P (x))

=" liMNSoo 5 < TF g >

Sp. curve: § =
1 . :
37 $4, ydx = & = fill fractions— ~

Generalizations: 2-matrix model, chain of matrices, +ext. field.
In all those cases, if Z = exp (Zg NZ—ZQJ:QM.M),
then 3S such that g, \, = Fg(S).
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Application: discrete surfaces

Mg = set of discrete surfaces (= maps) obtained by gluing n3
triangles, n4 quadrangles,. .., and of genus g and with v
vertices.

S ESOIRTIR
iﬁ%’#ﬁﬂ{ﬁ@.;%
e S
““E’l“lA‘&‘ A“ "

L=

tv(®)

. — tns(z) tn4(>:) B 't”d(z) -
Fyg discr. surf. ):%\:ﬂg 3 4 d #Aut(X)

Theorem 2: Tutte’s equations = Fg e surt = Fo(S):

x(z)=v(z+z ) +a

y(z) =S u(z“ —z7%)
C=P!

X(z) — Sy ty1x(2)k = E;i ug(zk +z7%), up = %
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Kontsevich integral and Double scaling limit

Kontsevich integral:

ZiontsevicH\) = /dM —NTr——M/\Z eZNkzg}—g , ik = ZTrA K

Fa=Y S Ttz d—w/

n ! dy,.ydni=1 Mgni—y
Theorem 3: Scwinger-Dyson eqs impIy: Fg = Fg(Skontsevich):

s - x(z)—z+2NTr REA) = 2~ 3 Sokeo k22"
Kontsevich
y(z) = 22+t

22 20—n
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Kontsevich integral and Double scaling limit

Kontsevich integral:

ZiontsevicH\) = /dl\/l _NTri_MAZ _ e N#% 7 ’ te = —TrA™

Fg=)Y_ > HtZO.+1 2d—1'|/

n ! dy,.ydni=1 Mgni—y
Theorem 3: Scwinger-Dyson eqs impIy: Fg = Fg(Skontsevich):

22 20—n

s - x(z)_z+2NTr REA) = 2~ 3 Sokeo k22"
Kontsevich =
y(z) = 22+t

Theorem 3bis: Double scaling limit of discrete surfaces:
_2g)R+2 .
Foiscr. surfg ~ (t — tc)(2 20051 FosL(p, 2)g, with
FosL(p; 2)g = Fg(SosL(p, 2)) = "Liouville + (p, 2)"
x(z)=z%+1,
S ,2) = .
002 = {575 g
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Weil-Petersson volumes

Mgy= set of Riemann surfaces of genus g > 2.

— decompose into 2g — 2 "pairs of pants”

— 3g — 3 geodesic lengths |;, and gluing angles ;= flat
coordinates on Mg.

Fw.pg = Vol(Mg) = [, TIidhAddi. @
Lo 0) LoaLo

Theorem 4: Fiy.pg = Fg(S):
e x(@2)= z2
Spectral curve: S = {y(z) _ %1 sin (27z)

Remark: recursions for Wrﬁg) < Mirzakhani's recursions.
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Application: partitions, Crystal growth, TASEP

Plancherel Partitions <+ Growing crystal < T.A.S.E.P.-like

: 2
Z(Q )=y n2 <7d'”;(f)>
A

Question:  INZ =30 7?92 Fpjancherey
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Application: partitions, Crystal growth, TASEP

Plancherel Partitions <+ Growing crystal < T.A.S.E.P.-like

: 2
Z(Q.1) Zf 21| <d'”;7(l*)> RS SN

Ck(\) = k™ Casimir= 3", hk
Question:  INZ =35, 7?92 Fpjancherey (t)
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Application: partitions, Crystal growth, TASEP

Spectral curve = "limit shape"

x(z)=z+z7!
Spectral curve: S = = y(z) =In(z)
IarﬂQ A=l
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Application: partitions, Crystal growth, TASEP

Spectral curve = "limit shape"

Spectral curve: S(tx) =
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Plane partitions

e Z = #{3Dpartitions, InZ =3 size® > Fy.
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Conjecture:

Fg(Stieljes transf. of limit density along a vertical line)

.Fg:
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Fg(Stieljes transf. of limit density along a vertical line)
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Conijecture:

Fy = Fy(Stieljes transf. of limit density along a vertical line)
Idea of a proof: Z=matrix integral, which implies that it satisfies
the topological recursion. Problem: show that

Wl(o) =Kenyon-Okounkov-Sheffield curve (limit shape) ?
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Topological strings - Gromov-Witten

e Let X a 3D Calabi-Yau manifold with toric symmetry
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Topological strings - Gromov-Witten

e Let X a 3D Calabi-Yau manifold with toric symmetry

e Gromov-Witten: N 4(X) = "# of ways of embedding a
Riemann surface of genus g into X, with homology class d, and
passing through given points"”.
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Topological strings - Gromov-Witten

e Let X a 3D Calabi-Yau manifold with toric symmetry

e Gromov-Witten: N 4(X) = "# of ways of embedding a
Riemann surface of genus g into X, with homology class d, and
passing through given points"”.

e Generating function: 7y = >4 Ng.a(X) QY.
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Topological strings - Gromov-Witten

e Let X a 3D Calabi-Yau manifold with toric symmetry

e Gromov-Witten: N 4(X) = "# of ways of embedding a
Riemann surface of genus g into X, with homology class d, and
passing through given points"”.

e Generating function: 7y = >4 Ng.a(X) QY.

e String theory: 7y = amplitude of a closed string of genus g in
target space X.
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Topological strings - Gromov-Witten

e Let X a 3D Calabi-Yau manifold with toric symmetry

e Gromov-Witten: N 4(X) = "# of ways of embedding a
Riemann surface of genus g into X, with homology class d, and
passing through given points"”.

e Generating function: 7y = >4 Ng.a(X) QY.

e String theory: 7y = amplitude of a closed string of genus g in
target space X.

e Conjecture [Marifio 2006, BKMP 2008]:
Fg = Fg(mirror X)
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Topological strings - Gromov-Witten

e Let X a 3D Calabi-Yau manifold with toric symmetry

e Gromov-Witten: N 4(X) = "# of ways of embedding a
Riemann surface of genus g into X, with homology class d, and
passing through given points"”.

e Generating function: 7y = >4 Ng.a(X) QY.

e String theory: 7y = amplitude of a closed string of genus g in
target space X.

e Conjecture [Marifio 2006, BKMP 2008]:
Fg = Fg(mirror X)

Proved in [E. Orantin 2012], using combinatorics of localization
graphs.

B. Eynard, IPHT-CEA-SACLAY Invariants of curves



Knot invariants

Conjecture [Dijkgraaf-Fuji 2010+Borot, E. 2012]: Let
Jn(Knot, q) = colored Jones polynomial of Knot, in the double
scaling limit:

N — oo, NIng=x=0(1)

2 2g—n— m@(m)

o
(I
Then: InJy(Knot, q)N—Z > (Ing) —
el nim!
n

m
e N
X+X x-i-)“(’—/H
></ / f...fwg,mm
B B

where S§ =character variety of the knot (A—polynomial).
Leading order (Wg ;-term) coincides with the famous "volume

conjecture" [Kashaev 97+ - - -]

Ex: figure of 8 knot @
.

S={(x,y)|e¢ teV = & -2 X e}
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Liouville 2D-CFT, withc =1 + 6Q2, Q =b + 1/b.

Liouville action: S = [ (9¢d¢ + ne?®? + QR¢).
compute n-point correlation functions of vertex operators of
dimensions A; = o;(Q — oj):

{A,,Z}) <Hea| Z)>

as a large Q expansion (heavy limit), with n; = % =0O(1):

InZ ~ i Q* *9Fy({ni,zi})
o

Q—o0 “—

We propose that:
Fg = 54[S] . S ={y =T(x)} = classical stress energy tensor

We proved [Chekhov, E, Ribault 2012] it for the n = 3-point
function, and to order Q°, and give heuristic arguments (Ward
identities) towards the general case.
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Conclusion

Main results:

e Topological recursion is very universal: it appears in many
problems of enumerative geometry and integrable systems
(more applications: coloured surfaces, CFT, ...).

e They are easy to compute, easy to compare.

e topological recursion provides a unifying geometric
framework.

Further prospects:

e Find more applications, and prove them...

o New topological recursion for Boundaries (started with
Orantin, to be continued)...

e non-orientable surfaces, quantum deformation... (started with
Bergere, Chekhov, Marchal), — quantum Riemannian
geometry...
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More applications

e Airy, Tracy Widom (1,2),c = —2

y = VX

e Liouville + Minimal model (p,q),c =1 — 6(p — q)?/pq
X = Pok(z),y = Pob(z).

e Liouville + pure gravity (3,2),c =0

X =2z2-2,y =2z%—-3z.

e Liouville + Ising (4,3),c =1/2

X =2z%—-3z,y =z% - 422+ 2.

e Liouville + Unitary models (q +1,9),c =1—-6/q(q + 1)
X = Tq(z),y = Tq+1(z) (Tchebychev polynomials).

e Kontsevich integral, times t, = £ TrA=K

x(z) =22 +t,y(2) =2 — 3 X k2 2%,

o Weil-Petersson volumes

X(z) = z2,y(z) = 5 sin(2nz)

e Seiberg-Witten

x(2) = p(2).y(2) = ¢/(2).
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