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X a compact riemannian (usually) 4-manifold X possibly
with boundary.

G C Aut(V) a compact Lie group.
g C End(V), Lie algebra of G.

7w : P — X aprincipal G bundle. E = P xg V denote the
associated V bundle. The vertical tangent space

VTP = ker dx. There is a canonical isomorphism of

v VTP — g.

adP = P x,4 g C End(E) and AdP = P xaq G C Aut(E).
Forms with values in adP are a super lie algebra.

[ A]:AN(T*X)®adP @ N(T*X) ®adP — N (T*X) ® adP

so that
[an b] = (1)@ p A g]

For us G will be SO; or SU..



A connection A in P can be viewed many ways.
@ A system of parallel transport in P

The curvature of a connection measures the failure of Hy
to be involutive. As a two form on P

Fy= dA+%[A/\A].

Can view Fy € C=(X,\? @ adP).
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A connection A in P can be viewed many ways.
@ A system of parallel transport in P

@ A Ginvariant subbundle Hy C TP that is tranversal to
the vertical tangent space VTP = ker(dn)

@ A g valued one form A on P which is ad-equivariant
and is L;‘ on the vertical tangent space.

@ A covariant derivative
da: C*(X;adP) — C*(X, T"X ® adP).
The curvature of a connection measures the failure of Hy
to be involutive. As a two form on P
Fi=dA+ %[A/\A].

Can view Fy € C®(X,\? @ adP).



The Yang-Mills functional. The Yang-Mills energy of A is

E(A):—/th’(FA/\*FA):A‘FA|2*1.

(Recall the tr(A?) is a negative definite form on skew
symmetric matrices.) The Euler-Lagrange equations for E
is

dzF,=0

the Yang-Mills Equations. Recall that the curvature always
satisfies the Bianchi Identity.

daFa=0

Informally A is a non-linear harmonic form!
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The Chern-Weil formula. Consider:

/X tr(Fa A Fa).

If X is closed then this integral is depends only on P and
not on A.

Proof: A A=A+ a. Let A=A+ ta. Then

2
Fa = Fa+ tdaa + %[a/\ al.

a / tr(Fa A Fa) = 2 / tr(daa A Fa)
dt )

X

= 2/ dtr(an Fa,)
X
=0.
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If G = SO; then we define the instanton number:

1
k=2 P(PLIX) = 5 72

Note if P lifts to an SU, bundle Q then adQ = adP and so

p1(P) = pi(adP) = pi(adQ)
= —0,(adQ ® C) = —x(End(E)) = —4co(E)

tl’(FA/\FA)

where E denotes the C?-bundle associated to Q. and
similarly if P lifts to a U, bundle Q

Pi(P) = ~4:(Q) + 2(Q).

P is determined upto isomorphism by p;(P) and
w = WQ(P) c l’/z()(7 Zg)
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Spaces of connections and gauge transformations.

A a connection. A is the space of C*-connections. A is
an affine space for the space

Q'(X;adP) = C*(X; T*X ® adP).
g : P — Pis an automorphism (gauge transformation) of
P.
g is a section of the bundle AdP.

G the space of C*-sections of AdP or group of gauge
transformations.

Vaf or daf  The induced covariant derivative in any
associated bundle, F = P x, V.

The action of g € G.

g-A=A+gdag".

da,g~' means that covariant derivative of g~' thought of as
a section of End(E) = E* ® E induced by A. Locally
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We are interested in the studying connections up to
isomorphism i.e.

B=A/G.
We need to understand how bad the action is.

Lemma
g-A=Aifandonly if g is a parallel section of End(E).

Proof.

g-A=A= gdag' = —(dag)g ' = 0.
and hence dag = 0. O
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N.B When G = SO; the we can form the bundle Ad' P of
"determinant 1” gauge transformations

Ad1P =P X 80 SUg

where SO; = SU,/Z(SU») acts on SU, by conjugation.
The sections of this bundle G' maps to G.

Exercise

The map G' — G has kernel Z, if X is connected. The
cokernel isomorphic to H'(X; Zy).

We will often want to work with A/G" rather than A/G. To

deal with later we’ll choose submanifold Poincaré dual to
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Given a loop v based at x, € X the holonomy of A along ~
the automorphism of P|,, given by parallel transport along

.
hola(v) € AdP|y,.

The holonomy group of A at x,

hola(Xo) = {hola(7)|y € Qx,(X)}

Stab, is a subgroup of G and is the commutant of the
holonomy group of A. Note that the center of G,
Z(G) C Stab, for all A.

Definition
Ais called reducible if Stabs # Z(G).

Tom Mrowka Aarhus Master Class



Exercise

Show that the possible subgroups of SO; that appear are
1,7, 7o x 7o, SO, O and SOz while if we restrict to the
determinant 1 gauge group, the possible subgroups of
SU. that appear as Stab(A) for some connection are

Zz, U1 and SU2

The quotient space B = A/G" will have singularities if A
contains reducible connections. Compare

503/ S0
where SO; acts by the adjoint action. For each point in the

quotient a neighborhood is modeled on a neighborhood of
zero in one of the following three spaces.

We would like to show that B has similar local models.
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Zz, U1 and SU2
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Exercise

Show that the possible subgroups of SO; that appear are
1,7, 7o x 7o, SO, O and SOz while if we restrict to the
determinant 1 gauge group, the possible subgroups of
SU. that appear as Stab(A) for some connection are

Zz, U1 and SU2

The quotient space B = A/G" will have singularities if A
contains reducible connections. Compare

503/ S0

where SO; acts by the adjoint action. For each point in the
quotient a neighborhood is modeled on a neighborhood of
zero in one of the following three spaces.

® s0) "

o (R?)"1/S0, x R".

We would like to show that B has similar local models.
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Exercise

Show that the possible subgroups of SO; that appear are
1,7, 7o x 7o, SO, O and SOz while if we restrict to the
determinant 1 gauge group, the possible subgroups of
SU. that appear as Stab(A) for some connection are

Zz, U1 and SU2

The quotient space B = A/G" will have singularities if A
contains reducible connections. Compare

503/ S0

where SO; acts by the adjoint action. For each point in the
quotient a neighborhood is modeled on a neighborhood of
zero in one of the following three spaces.
® s0) "

@ (R%)"1/S0, x R".

@ The origin which has no better model than soj/SOs.
We would like to show that B has similar local models.
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We will need to work with Sobolev spaces and Fredholm
operators on them. There are the very basic facts. Let
LP(T") be the completion of space of C> functions with
respect to the norm.

k
15T =Y [ 190pax ..o
j=0

We also will use Sobolev norms with fractional
derivatives. These can be defined by interpolation. The
L2-version can be easily defined by Fourier transform. If

f(x) =Y f(n)e™>

Then we

1712, = > (1 + Inf)*/2[F(n)

n
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Then we have the following properties.
Le(T™) = L](T")

If Kk —n/p>1—n/gand k > [. If both inequalities are
strict the embedding is compact.

LA(T") — Ch(T")

if k—n/p>1+awhere k> [/>0anda«a > 0. If both
inequalities are strict the embedding is compact.
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Furthermore when k — n/p and I — n/q are both negative
LR(T™) x L{(T") = Li,(T")
is continuous if
k—n/p+1—n/g>r—n/mand k,l >r.

Suppose that k — n/p is positive and k,/ > r then L7(T")
is module over LP(T").
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In particular for n = 4 we have

The following multiplications are continuous.
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Note that VIn(In(r)) = =) = 1~

~ rin(r) rin(r)
21 2 .1 dr A
/o (rln(r)) rar /0 (In(r)4) r 2" (1/2) <00
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We need to complete our spaces of connections into
Sobolev spaces. Suppose G = U, or SO, and let E be
and C™ or R™ bundle so that P is the frame bundle of E.
Using this connection there is a preferred
gauge-equivariant Sobolev norm

1718, = | Z VaflP

Any easy consequence of the Sobolev multiplication
theorems is that the Ly ,-norm and the L{ , are
equivalent norms prowded that difference is in

A—A € LI,(X, T°X © adP))

and the multiplication L? x L] — L%, is continuous, i.e.
I>n/q—1and/ > k — 1 and indeed there is a constant
C > 0 depending on ||A — A’||L;7A so that

lelle, < Cllelp, - (1)
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Fractional order Sobolev norms. Fix a smooth connection
Ao and consider the corresponding Laplace operator

Vi Va, +1:C7(X;adP) — C*(X;adP).

This operator has compact inverse and one can construct
compact operators

(Va, Vg, +1)7° : LP(X;adP) — LP(X; adP)

for any s > 0. For smooth A, these operators are
represented by a kernel with pole of order dist(x, y)~"+2S
along the diagonal. The space of L-sections of a bundle
is

{(Va, Vg, +1)"%%ele € LP(X; adP)}.

This space has a norm using the connection Ay,

1V V4o + 1)_3/26HL§7A0 = [lellr (@)
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For any pair of connections A, A’ with A’ — Ay, A— Ay € L2,
where s’ > n/q —1and s’ > s — 1 the above definition of
the spaces L, , and L, , and the corresponding norms

| - ||L2 and || - ||L2 still make sense. Using that the

fractlonal order spaces are interpolation spaces for the
integral norms we see that the estimate (??) holds.

When dependence of the norms on the choice of
connection is not important for the discussion we will drop
the connection from the notation for the norm.

Note that if X is a manifold with boundary we can also
define LpA to be completion of smooth sections with
support in the interior of X in the norm || - HL;;A Then we

have the following useful duality result for 1 < p < oo

(Lls:),Ayk - Li’s A
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For consider the space A} of L} connections. The gauge
group that acts naturally on this space of connections is

Grr1 = {9 € L} (X,adP)|g € AdPa.e.}.
When k + 1 — n/p > 0 this consists of continuous

sections.
For G = U, or SO, and k +1 — n/p > 0 is a Banach Lie
group
Proof. Consider the map
m: Ly (X, End(E)) — L; ,(X,End(E))

given by

m(A) = AA*
Then G¢., =m~'(1). For k+1—n/p >0 mis a smooth
map since L}, is a Banach algebra. M is also easily
seen to have surjective differential and the kernel of
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Lemma

Fork+1—n/p>0, Themap A} x Gf., — AL isa
smooth map of Banach manifolds.

Proof: In a trivialization the map is given by

(a,9)— gag ' +gdg™’

By the assumptions L% , is a Banach algebra and LY, is
module over L} ,. The above map is a composition of a
continuous linear maps and continuous multiplications so
it is smooth. [J
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The space of connections, being an affine space is alway
a Banach manifold.

Fork+1—n/p >0, B} = AY/G , is a Hausdorff
topological space.

Proof: We proof this in the case that of L5 gauge
transformations. The general case is similar. We must
show that {(A, g - A)|A € A%, g € G5} C A? x A% s closed.

Fix A, € AP
(Ai,gi- A) =% (A B)
A=A+ a9 A=A+ b
Then

1 —1
9ida,9; " + giaig; = bi =
da,gi = giai — big;. (3)



The sequences a;,b; converge in L2 to aand b
respectively. We need to show that A, + ais L3 gauge
equivalent to A, + b. We see that ds,g; bounded in L* so
g; is bounded in L. Now differentiate Equation (?7?)

Viogi = Vagiai — biVagi + 9iVaa — Vabigi

The right hand side is bounded in L2 for each is either

[2 x L= or L* x L*. Thus we can pass to subsequence
where g; converges L3-weakly to g and strongly in L2. The
strong convergence implies again after passing to a
subsequence a.e. convergence and so gg* = 1 a.e. thus
g is gauge transformation. We can take the limit in
Equation (??) in L" for r < 2 showing that g takes A+ ato
A+ b as required. [.

Tom Mrowka Aarhus Master Class



Orbifold structure for A/G. For concreteness consider
we'll restrict to the L2 case and consider the space, Aj3)»,
of connections on a four-manifold X. The gauge group,
Gs/2. Slices. Take orthogonal complement of tangent
space of gauge orbit.

TAQ = dAQO(X, adP)
Using d tr(o A xa) = tr(dao A xa) + tr(o A da x @) we have

—/ tr(dao A xa) = / fr(c Ndaxa) = —/ tr(c A xda).
X X

X
Thus we want

0 = (dao, @) = (0, dya).

for all o € Q°(X;adP) so d;a = 0.
A € Ajzj» we have:

Ssa(e) = {A+alae L;A(X; T"X ® adP),
daa=0and a2 <e}
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To state the result in general we need to discuss how to
deal with reducible connections. If A is reducible Stabg,
the stabilizer of A, is a Lie subgroup of SO,,. Stab, acts on
Sa and freely on Gs > and it is straightforward to see that
the quotient

(Sagy2(€) x Gs/2)/Staby

is a smooth Hilbert manifold. The tangent space at the
equivalence class of (A + a, 1) is identified with the
quotient of

{ala € L%/Z,Aa daa = 0} x LE/Z,A(Xa adP)
by the finite-dimensional (and hence closed) subspace

{(—[a,£%,£%)|das® = 0}.
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For all A € A3, there is an ¢ > 0 so that the map

m: (83/2’,4(6) X g5/2)/StabA — .A3/2
m([A+a,g]) = A+gag ' — (dag)g ™"

is a Gs2-equivariant diffeomorphism onto its image.
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The proof will use the following facts.
@ The operator

da : L5 (X, adP) — L5 (X, T*X @ End(E))

has finite dimensional kernel and closed range.
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The proof will use the following facts.
@ The operator

da : L5 (X, adP) — L5 (X, T*X @ End(E))

has finite dimensional kernel and closed range.

@ There is a closed "Hodge” L2 orthogonal
decomposition.

L (X,adP) = Ker(da) @ dj(Lh

A,s+1

(X, T*X ® adP))
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The proof will use the following facts.
@ The operator

da : L5 (X, adP) — L5 (X, T*X @ End(E))

has finite dimensional kernel and closed range.

@ There is a closed "Hodge” L2 orthogonal
decomposition.

L (X,adP) = Ker(da) @ dj(Lh

A,s+1

(X, T*X ® adP))

@ A complement for the range of
da: L) (X,adP) — Ly o (X, T*X ® End(E)) is

kerd; : Lo (X, T"X @adP) — Lh ; ,(X,adP)

Tom Mrowka Aarhus Master Class



The proof will use the following facts.
@ The operator

da : L5 (X, adP) — L5 (X, T*X @ End(E))

has finite dimensional kernel and closed range.

@ There is a closed "Hodge” L2 orthogonal
decomposition.

L (X,adP) = Ker(da) @ dj(Lh

A,s+1

(X, T*X ® adP))

@ A complement for the range of
da: L) (X,adP) — Ly o (X, T*X ® End(E)) is

kerd; : Lo (X, T"X @adP) — Lh ; ,(X,adP)

@ There is a constant \(A) > 0 so that for all
¢ L ker(da) we have [, [dagl? > Ay [y €.
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Proof.

Write ¢ = €9 + ¢ for the Hodge decomposition where
dac® = 0 and ¢' is L2-orthogonal to elements of the kernel
of dj.

m is a local diffeomorphism if the differential of m is an
isomorphism at (A, 1) Since m is Gs »>-equivariant it
suffices to check this at the equivalence classes of (A, 1).
The differential is given by the map

Diaym([, €]) = dal +

This map is surjective by the Hodge decomposition. If
(o, &) is the kernel then o = 0 and ¢ € kerd, so [a, &] = 0.
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m is injective. It suffices to show thatifg-(A+a)=A+b
is in the slice then g € Stabs. The condition that
g-(A+a) = A+ bis equivalent to

dag = ga— bg. (4)
Taking dj of this equation gives, using the slice condition
d;a=d;b=0,
dpd g = — * dag A *a — xb A\ xdag. (5)

Use the Hodge decomposition g = g° + g' again and take
the inner product of this equation with g'.
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ldag' Iz < (ll2lle + [1bllue) | dagllezllg" s
ff(llaHL4+ 1bll+)l1dag 219 Iz,

< w(1+ A7 (A) 2 (llalle + [1b]e) | dag I

We have used

Ig"2, = 9" % + I dag 2
< (M(A) T+ 1)dag |2

So for ex(1 4+ A;'(A))'/?2 < 1/2 we have u' = 0 and hence
u = u°is in Stab(A) as required. [
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Remark

Not that the proof of injectivity of m only used
L*-smallness. exercise Repeat this argument for D1 am
so show that for all A € S; 4 this differential is invertible.
This then can be used to giva a sharper result that will be
important in the proof of Uhlenbeck compactness.
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Remark

Not that the proof of injectivity of m only used
L*-smallness. exercise Repeat this argument for D1 am
so show that for all A € S; 4 this differential is invertible.
This then can be used to giva a sharper result that will be
important in the proof of Uhlenbeck compactness.

Proposition ( )

For all A € As), then the map

m : (Sy,a(€) X Gs/2/Staba) — Aszjo
m([A+a,g]) =A+gag ' — (dag)g™"

is a Gs2-equivariant diffeomorphism onto its image. The
image contains an L3 ball about A.
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When we have a manifold with boundary the notion of
slice needs to be modified.

/ tr(daoc N xa) = / tr(oc A *a) + / tr(o A xdpa).
X ox

X

So the condition of being orthogonal to the tangent space
of the gauge group implies formally

dya=0and xalgpx = 0.
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In this and the next lecture we prove Uhlenbeck’s
Compactness Theorem for Yang-Mills connections.

Lemma

Let B = be a geodesic ball in a riemannian manifold. Let
[ be the connection arising from a trivialization P = xG
for principal G bundle. There are positive constants C, ¢,
sothatforall A=T +awithaec L3(B, T*B x g) and
[atr(Fa A %Fa) < €, there is amap g € L5(B, My(C)) with
g € G a.e. so that if we set

b=gag '+ gdg’

we have
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In this and the next lecture we prove Uhlenbeck’s
Compactness Theorem for Yang-Mills connections.

Lemma

Let B = be a geodesic ball in a riemannian manifold. Let
[ be the connection arising from a trivialization P = xG
for principal G bundle. There are positive constants C, ¢,
sothatforall A=T +awithaec L3(B, T*B x g) and
[atr(Fa A %Fa) < €, there is amap g € L5(B, My(C)) with
g € G a.e. so that if we set

b=gag '+ gdg’

we have
@ d*b =0 and xb|sg = 0 and

Tom Mrowka Aarhus Master Class



In this and the next lecture we prove Uhlenbeck’s
Compactness Theorem for Yang-Mills connections.

Lemma

Let B = be a geodesic ball in a riemannian manifold. Let
[ be the connection arising from a trivialization P = xG
for principal G bundle. There are positive constants C, ¢,
sothatforall A=T +awithaec L3(B, T*B x g) and
[atr(Fa A %Fa) < €, there is amap g € L5(B, My(C)) with
g € G a.e. so that if we set

b=gag '+ gdg’

we have
@ d*b =0 and xb|sg = 0 and
° fB(erbF +|b]2) x 1 < CfB|FA]2* 1.
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Proof. B = exp,(By(d)). The first move in the proof is
notice that we can replace the L2-norm of the curvature by
an equivalent norm. We exploit this possibility by
changing the metric to the pullback metric from the metric
from T,B. Let % denote the Hodge star for this metric. The
proof of this is a version of the continuity argument. Let

Ve:{aELZQ(Ba T*B®g)|—/tr(FA/\>T<FA)§e},
2 B

We use a density argument to get the L2-case. Let
W. c V., be the subset where there is a C > 0 so that
conclusions of the lemma holds.

Tom Mrowka Aarhus Master Class



We will show that for e small enough and C large enough
that:

@ V. is connected.
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We will show that for e small enough and C large enough
that:

@ V. is connected.
@ W. is closed.
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We will show that for e small enough and C large enough
that:
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@ W. is closed.
e W.isopenin V.
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We will show that for e small enough and C large enough
that:

@ V. is connected.

@ W. is closed.

e W.isopenin V.
Thus W, = V..
V. is connected. Let for 0 <t <1 let 7; : Bx(§) — Bx(t9)
denote the scaling by t along geodesics through x.
Consider the path of connection

A = 17 (Al,(15))-

We claim that for A an L ,-connection this path is

continuous in the L§/2-topology. For t = 0 this is the same
point that translation is point-wise continuous on L?P
spaces. At t = 0 continuity follows directly from the
definitions.
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Since the L2-norm of the curvature is conformally invariant
and dilation is a conformal map we have that

- / (tr(Fa A 5F)) = — / (tr(Fan 5Fa)) < ¢
B

Bx(5)

and limy,o — [5(tr(Fa, A %Fp,)) = 0.
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W_is closed in V.. Let A; =T + a; be a sequence in W,
which converges in the L5 ,-topology to A=T +ac V..
There is also then a sequence of gauge transformations
gi so that g; - A; =T + b; and the b; are in Coulomb gauge
and satisfy the estimates, so it follows that b; converge
weakly in the L2 topology to b . Now consider the
sequence of gauge transformations g;. They satisfy the
equations:

dgi = giai — bigi.

Thus dg; € L* and so g; € L% (g; is bounded). Taking the
gradient of both sides gives:
Vdgi = Vgia; + giVai — Vbigi — biVg;

hence g; is bounded in L3. Thus after passing to a
subsequence we may assume the g; converge weakly in
[3to0 g.
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subseq

gl <M="g; %5 g.
Hence g € U, almost everywhere.

L4 L2

b.
lailliz. 161l llgilliz < M =" a Labtbg g

where a;, b; converge strongly in L*=¢ and g; converges
strongly in L? for all p and in L2 so that in the equation

dgi = giai — big;.
boths sides converges strongly in L2. Thus the we have
dg = ga— bg

so that I' + ais gauge equivalent to I + b. To see that
I+ a € W, we need to see that b satisfies the estimate
and that b € L5,
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/|Fr+b]2:/(db+b/\b,db+b/\b>
U U
z/|db+d*b|2_||b|y‘z4
U

> [ Vbl - ceblf;
U
> ((1+M)/2 = Ce)||blJZ
We've used the identity

[ +aer = [ vais [ b
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Check that b € L} ,. Take d* of this equation giving
Ag = —x(dg A *xa) + gd*a+ =(xb A dg).
Rewrite as:
Ag — x(xb A dg) = — = (dg A xa) + gd*a.

Note that we also have xdg|ss = *a|gp- The red terms
both are in L% , since L3, x L§ — L% ,. Thinking of the
blue term as function of g it is a bounded operator

Lg/z — I—%/z

with operator norm controlled by |[b||;2. The map
h — (Ah, xdh|sy) viewed a map

LE/2(U) = L3 5(U) x L3(0U)

is surjective with finite dimensional kernel.
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The equation has index 0 and is invertible for b = 0 so for
b with small L2-norm it follows that g € L§/2 is the unique
solution.
The equation

b=gag ' —g'dg

says that bis in L3 ,.
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W, is open in V. Openness follows from the Big Slices
Lemma, Lemma ?? which tells us that if A is gauge
equivalent into the Sr 1(¢) then so is a neighborhood of A
in the L3 ,-topology.

Finally suppose that A, is a sequence of L§/2 connections
connections in V. converging to an L7 connection A then
following the proof of closedness we see that A can be
put into a good gauge and this representative satisfies the
estimates. [
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The same circle of ideas proves the following lemma
which will later be used in the proof of the Uhlenbeck
compactness theorem.

Lemma ( )

With €, as in the previous lemma. Let SV(<y/2) be the set
of L2 connections A =T + a with

/lFA|2 *1 S 60/2
B

and
d*a=0and x alpg = 0.
Then the curvature map

F.:SV., ;2 — [2(B.N(T"B) ® adP)
A— FA
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Proof. Suppose Fj, is a Cauchy sequence.
/B|FA,—FA/.\2 = /B |da; + a; A a; — daj — a; A aj|? + 1
> /B(|da,- —da* —|laina —a A al)*1
> /Bl(d+ d")(a — &) — (lailles + llalle)lla — &Iz

> [ 9(ai- a)F —2cdla - al;
> (14 1)/2 - 2C9)|a - a2

Thus A; is also Cauchy.[]
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X an oriented riemannian n-manifold. The Hodge Star
0 A= ATK
Behavior under conformal change:
g— erg — e(n—2k)a>‘<
In particular if n = 2k Hodge star is conformally invariant.
Also note that
%2 — (_1 )k(n—k)
In particular for n =4, k =2

*: N2 — A2

has x° = 1.
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Thus 2-forms have a conformally invariant decomposition.

N2 = At @ A

Explicitly: e', €2, €%, e* oriented orthonormal frame.

w = e'neP+enet wy = e'neP—e’net, wk = e'net+ePne®

span At, the Self-Dual two forms and

elnee—elnet elne+efnet e net —e? A é

span A, the Anti-Self-Dual two forms. Note that A* and
A~ are pointwise orthogonal under both the riemmanian
inner product and the wedge product.
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Thus we can decompose the curvature of a connection:
Fa=Fi+F;.
Fi =0 (F,; =0) are the Anti-Self-Dual (Self-Dual)
Yang-Mills equation.
Note that the Bianchi identity implies
daFa=0
and hence if Ais SD or ASD we have
diFa= —xdax Fa=+xdaFa=0.
Thus SD and ASD are critical points for E but more is

true!
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If X is a closed four-manifold recall:
872k — / tr(Fan Fa), E(A) = —/ tr(Fa A +Fa) > 0.
X X
Thus adding and subtracting these formulae gives:

E(A) + 87%k = —2/ tr(Fy A+Fy) >0
X

and
E(A) — 872k — —2/ tr(F} A+F) >0
X
Thus
E(A) > 8n?|k|
with equality if and only if F; =0whenk >0and F;, =0
when k < 0.
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The basic instanton. We'll use quaternionic notation.
H =R + R/ + RJ + RK where IJ = K + cyclic and
IJ = —JI + cyclic.

X = Xg+ Xy + Xod + X3K
Conjugation

)_(:XO—X1I—X2J—X3K.

S’ ¢ H? the unit sphere
Two different SU> = Sp(1) = {x € H|Xx = 1} actions.

(X0,X1)q = (X0q,X4q) Or
(Xo,X1)q = (gXo, GX1).

In either case the quotient is S* = HP'.
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Two principal bundle with total space S’.
P:t — 84

where P, has the right action and P_ has the left action.
These are the unit sphere bundles of H-bundles S, — S*.
For example

St = {([Xo, X1], (Vo, V1))[(Vo, V1) = h(Xo,X1), heH}.
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Give P, the connection A, which declares that the
horizontal space at p € P, is the orthogonal complement
of the fiber P. — S*. Spy(= Spins) acts on S’
isometrically preserving the connections A.. The
stabilizer of a point p € S” is a copy of

Sp1(= SU. = Spins) so that the curvature of the
connection is an SU. equivariant map

/\2(7-;84) = /\+ ) /\7(7-;84) — adPi\p.

Need to understand SU. action. adP|,. is the vertical
tangent space at p which is canonically identified with su,
with the adjoint action.
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Write dx = dxp + dx;/ + dxoJ + dxs K. Note that dx A dXx is
a purely imaginary 2-form (imH-valued). Indeed

ax A dx = —2(&)1/ + wyd + wKK).
In particular dx A dX is self-dual.
dgxh A dgxh = gdx A dXg.

Thus dx A dx is invariant under the left action and
equivariant under the right action). Thus A, is a self-dual
connection.

Similarly dx A dx is anti-self-dual and invariant under the
left action and equivariant under the left action. Thus A_
is an anti-self-dual connection.
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Excerise: Show that the connection one-form

~ ImXx A dx
(T x?)

_ XAdX—XAdX
- 2(1 +[xP)

represents A, in a suitable trivialization of P,.

We can construct from A_ other ASD-connections using
conformal invariance. The dilatation 7,(x) = Ax induces a
conformal diffeomorphism. Indeed the basic instanton is
invariant under SOs acting on S* but the conformal group
SO:s 1 acts so effectively there is a

SOs1/SO0s = H®

worth of ASD-connections in P, . Atiyah-Hitchin-Singer
prove any ASD connections in P, is gauge equivalent to
one of these.
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This example exhibits the phenomenon of bubbling. As
the the parameter A — oo the connections

. ImAX A dAX
@) = K

ImX A dXx
(1/X2 + [x[?)

converge away from the origin to

which is gauge equivalent to zero! by the gauge
transformation

g(x) = x/[x|.
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An SO; bundle on P — X has two characteristic classes
p1(P) € HY(X;Z) = Z and wa(P) € H*(X; Zy)
These are constrained by
p(wa(P)) = p1(P) (mod 4).

where
o H3(X, Zs) — HY(X; Zy4)

is the Pontraygin square.
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Given P — X and riemannian metric g let
Mew = {A € A(P)|F{ = 0}/G(P).

where k = —1(p(P), [X]) and w = w»(P) € H*(X; Z>).
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Fredholm maps and Kuranshi description of the moduli
space.

Definition
A smooth map of Hilbert manifolds f : M — A is called
Fredholm if for all x € M

is a Fredholm map.
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Theorem
Iff: M — N is a Fredholm map and x € M then there is

So that ¢(0) = x, dyp : ToU — ker(dyf) C TyM and so
that

o(r71(0)) = F1(0) N W.
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Theorem
Iff: M — N is a Fredholm map and x € M then there is

@ a neighborhood 0 > Uker(dyf) C TxM and
neighborhood x > W C M.

So that ¢(0) = x, dyp : ToU — ker(dyf) C T,M and so
that

o(r71(0)) = F1(0) N W.
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Theorem
Iff: M — N is a Fredholm map and x € M then there is
@ a neighborhood 0 > Uker(dyf) C TxM and
neighborhood x > W C M.

@ amap k : U — coker dyf.

So that ¢(0) = x, dyp : ToU — ker(dyf) C T,M and so
that
¢(x1(0)) = F1(0)NW.
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Theorem
Iff: M — N is a Fredholm map and x € M then there is
@ a neighborhood 0 > Uker(dyf) C TxM and
neighborhood x > W C M.
@ amap k : U — coker dyf.
@ animmersion ¢ : U — M.
So that ¢(0) = x, dyp : ToU — ker(dyf) C T,M and so
that

o(r71(0)) = F1(0) N W.
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If Ais an ASD connection then we have the deformation
complex

0> L5(X;adP) % L5(X; N @adP) % LE(X; A ©adP) - 0.

This is an elliptic complex and the index or of the complex

is
3
—8k + §(X(X) + (X))
We call the negative of the index
3
8k — S (x(X) + o(X))

the formal dimension of the moduli space.
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This index was computed by Atiyah-Hitchin-Singer using
the index theorem. The result is.

Theorem

The map A+ a— F*(A) is a Fredholm map viewed as a
map

¢ : Saz — LE(X,NT(X)).
The index of ¢ is

8k — g(X(X) + o(X)) + dim Stab(A)
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Examples.
1. X = 8%, k, My 4(S*) = B® and dimension formula gives

8k—g(2+0):8k—3

Note that k = 1 case checks with the example.

2.X arbitrary, k = 0. Ais a trivial connection. The
complex becomes 3 copies of

00— L2(X) % 12(X;A") & [3(X;AT) — 0.
where the dimensions of the cohomology groups are
bO(X), b'(X), b*(X) respectively.

— 2000+ o(X))

_ —g(zbO(X) —2b'(X) + b*(X) + b~ (X) + b (X) — b~ (X))
= —3(b°(X) — b'(X) + b*(X)).
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These calculations can be turned around to prove the
dimension formula using excision.
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The Chern-Simons Function. Given A connection in
P— X.

/ tr(Fa A Fa) (mod 87%Z)
X
depends only on the gauge equivalence class of Alyx.

Indeed if A’ is a connection in P’ and there is a bundle iso
g : Plax — P so that gA = A’ then

[~ [wtFunFa) = [ wtFunF) e 8
X X DX

DX is the double of X and A” is a connection in a bundle
P" — DX obtained by patching together P with the
connection A and P’ with the connection A" using g.
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Definition
Let B be a connectionin Q — Y

CS(B) — / tr(Fa A Fa) (mod 872Z)
X
Another viewpoint on CS. Given a pair of connections By

and By choose B, t € [0,1]. View this path as a
connection Ain [0,1] x Q — [0,1] x Y.

CSBO(B1) = / tl’(FA VAN FA)
[0,4]x Y

If By comes from a trivialization and B; = By + b and we
set B; = By + tb so that:

2 2
FA:d(tb)+%[bAb] :dt/\b+tdb+%[b/\b].
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Then
tr(Fa A Fa) = dt A tr(2b A (tdb + t2[b A b]))

and so
/ tr(Fa A Fa) :/ dt Atr(2b A tdb+ t2b A [b A b))
[0,1]1xY [0,1]xY
:/ tr(bAder%bAb/\b).
Y

Exercise
If By does not arise from a trivialization show that

CSa(B) = |

tr(2b A FBO+b/\db+%b/\[b/\b])
Y

Tom Mrowka LEGUSIVER CIROIETY



Proposition
Suppose G = SU,. Then P =Y x SU. and g can be
viewedasamap g : Y — SU.. We claim

CS(By) — CS(9B1) = deg(9)

Proof: In this case the difference is the Chern-Weil
integral for a connection in the bunide arising from the
mapping torus of g. The ¢,(P) is the Euler class of the
associated complex two plane bundle. There is a section
of this mapping torus bundle with deg(g) transverse
zeroes.
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The Chern-Simons functions provides another local
characterization of Anti-Self-Duality.
Proposition (Mean Value Property)

Suppose is connected smooth manifold with boundary. A
in P — X the

—/ tr(FA A *FA) > —CS(A|ax)
X

with equality if and only if A is ASD.

Proof:

—/ tr(FA/\*FA)+/ tr(FA/\FA):—2/tr(F;/\*F;).
X X

L]
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Uhlenbeck’s compactness theorem. Let U be a small
geodesic ball in a Riemannian four-manifold. Since all
bundles on a ball are trivial we write M(U) for the moduli
space on U. For e > 0 write

Me(U) = {[A] € M<U)|/U|FA|2*1 <e.

Proposition

Let U be a geodesic ball in a Riemannian four-manifold.
There is an ¢, so that for any proper subball U c U the
set of connections the restriction map

Me(U) — M(U")

is a compact map.
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Proof: Take a sequence of gauge equivalence classes of
connections [A;] We can choose the representatives

A; =T + a; so that they are in Coulomb gauge and we
have uniform L3-estimates on ;. Pass to a subsequence
where a; converge weakly in LZ. By Fubini’s theorem for
each i aj|sp, is in L2 except for r in a set of measure zero.
Since the sequence is countable for all i/, a;|s5, a.e in r.
Now fix such an r. Since the sequence is uniformly
bounded we can pass to a subsequence where ag;|ss, is
uniformly bounded in L2. Now we can pass to a
subsequence where a;|s5 converges strongly in Lf/z. In
particular CS(Ai|ss,) converges. We now longer have that
aj|g, is in Coulomb gauge since it doesn’t satisfy the
boundary condition. However by the Big Slices Lemma
we can put these a; in to Coulomb gauge by a sequence
of Lg/z—gauge transformations giving new connection one
forms a;.
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We can assume the gauge transformations converge
strongly in L5 N C° in particular &g, still converges in L7,
and 3 still converges weakly in L2 to 4. Set A=T + a.
Since A; are ASD, the convergence of CS implies

s, |Fa|? % 1 converges to [, |Fal? + 1. This implies strong
convergence of F,, and hence by the properness of the
curvature map the strong convergence to a; as required.[]
We can also deduce regularity of solution from a similar
discussion.

Theorem

Let A be an L2-connection. Suppose that F; = 0. Then
there is a an L3-gauge transformations g so that gA is C*.
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Let G be a compact Lie group. Let P — X be principle
G-bundle Let A; be a sequence of ASD-connections with

I < m
X

then after passing to a subsequence there are

so that for any open subset U € X \ {x1,...,Xn} i - Ai
converges in the C>-topology to A|x\x

7777 Xn} :
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Let G be a compact Lie group. Let P — X be principle
G-bundle Let A; be a sequence of ASD-connections with

I < m
X

then after passing to a subsequence there are
@ a collection of finitely many points X1, ..., x, C X,

so that for any open subset U € X \ {x1,...,Xn} i - Ai
converges in the C>-topology to A|x\x

7777 Xn} :
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Let G be a compact Lie group. Let P — X be principle
G-bundle Let A; be a sequence of ASD-connections with

I < m
X

then after passing to a subsequence there are

@ a collection of finitely many points X1, ..., x, C X,
@ abundle P — X.

so that for any open subset U € X \ {x1,...,Xn} i - Ai
converges in the C>-topology to A|x\x

7777 Xn}.
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Let G be a compact Lie group. Let P — X be principle
G-bundle Let A; be a sequence of ASD-connections with

I < m
X

then after passing to a subsequence there are

@ a collection of finitely many points X1, ..., x, C X,
@ abundle P — X.

@ a sequence of bundle isomorphisms
i+ Pty = Plxvp

..... Xn} El

so that for any open subset U € X \ {x1,...,Xn} i - Ai
converges in the C>-topology to A|x\x

7777 Xn} :
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Theorem

Let G be a compact Lie group. Let P — X be principle
G-bundle Let A; be a sequence of ASD-connections with

IR < m
X
then after passing to a subsequence there are
@ a collection of finitely many points X1, ..., x, C X,

@ abundle P — X.

@ a sequence of bundle isomorphisms
9i : Plxvix,xd = P\, xo} s
@ a connection A in a bundle P — X

so that for any open subset U € X \ {x1,...,Xn} i - Ai
converges in the C>-topology to A|x\(x,....xn}-
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Proof. We can pass to a subsequence where the
sequence of curvature densities |Fy|? * 1 converges in the
weak topology to a density w. If we cover X by balls of
radius 2~N then for each N so that the balls of half the
radius cover as well. Then for each n we can find i(n) so
that Then at most 2M /¢, of these ball have

LIFal? < cof2
B

for all i > i(N). We can pass to a further subsequence so
that the centers of these bad balls converge to points

X1, ...Xp. We thus get an exhaustion of X \ {xi,...x,} by
a sequence of balls B; where

[ IFal? < o2

B/
Finally by a diagonalization argument and the compact
inclusion lemma we can pass to a subsequence where
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Removeable singularites.

Theorem (Uhlenbeck)

Let P — X be a principle bundle. Suppose that A is finite
energy ASD connection on X \ {x1,...,X,}. Then there is
a bundle P — X and a connection A" in P so that
Alx\{x1,...x0) @nd Al x\(x,.... x,} @re gauge equivalent.
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Removeable singularites.

Theorem (Uhlenbeck)

Let P — X be a principle bundle. Suppose that A is finite
energy ASD connection on X \ {xi,...,X,}. Then there is
a bundle P — X and a connection A" in P so that
x,} are gauge equivalent.

.....

Definition

A sequence of connection A; in P — X converges upto
bubbling to A € P" — X if there is a collection of points
{x1,...,X,} and a sequence of gauge transformations g;
so that for every compact subset K € X \ {x1,...,Xp} so
that Aj|x — A|k in the C>-topology.
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Together with the compactness theorem this leads to the
Uhlenbeck compactification.

Definition
The Uhlenbeck compactification UM (X) of Mi(X) is the
closure of Mi(X) C Mi(X) U X x Mc_1(X) U Sym. X x

Mi—_1(X) U ... U Symi(X) x My(X) with respect to the upto
bubbling topology.
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Together with the compactness theorem this leads to the
Uhlenbeck compactification.

Definition
The Uhlenbeck compactification UM (X) of Mi(X) is the
closure of Mi(X) C Mi(X) U X x Mc_1(X) U Sym. X x

Mi—_1(X) U ... U Symi(X) x My(X) with respect to the upto
bubbling topology.

Remark

The subset of Mk(X) UX x Mi_1 (X) U SymgX X Mk_g(X) U
..U Symi(X) x My(X) which actually appears in the
closure is important to understand. Taubes’ gluing work
showed how to understand this subset in many situations.
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We will want to deal with orbifolds, orbifold bundles and
orbifold connections. We’ll only deal with Z,-orbifolds. X a
Hausdorff space together with the following data. A
collection of triples (I';, V;, ¢;) I'; is either Z, or the trivial
group. V; C R"is a I invariant open subset and

¢ V;/Ti — X is a homeomorphism onto an open subset
U;. The open subsets U; are an open cover. Further for
each inclusion U; — U; there is an injective immersion

¢j + Vi — V; which intertwines the I'; and I'; actions. (Note
that there is a unique injective homomorphism I'; — [
and we’d have to be a little more careful here if the I'; had
non-trivial automorphisms.)

First for each (T}, V;, ¢;) we have that I'; acts on V; x G
commuting with the G action. A orbifold principal bundle
is the data of transition functions

i VixG—=Vix@G
which again intertwines the I'; and I'; actions,
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We will consider only very special 4-dimensional
Zo-orbifolds. We allow only one local model where the Z,
action is

(X1 ) X27 X37 X4) — (X1 ) X27 _XS) _X4)‘

Let F be the fixed point (X, x2, 0, 0). In this case the
quotient R*/Z, has a natural smooth structure so we can
think of X as smooth four manifold with a distinguished
two dimensional submanifold S. We’ll denote the orbifold
by (X, S) though S might not globally be the fixed point
set. S may or may not be orientable.
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Suppose P is an orbifold SU,-bundle and A is an orbifold
connection in P. We get an bundle SU, on X'\ S with
connectio. P may not extend over S. Suppose further that
the Z, action on P is non trivial. Then over F we get map
F to Aut(SU,) = SOs. Any element of order 2 in SOs
conjugate to an inner automorphism by the element

1 0 O
I=10 -1 0 |.
0O 0 -1

These inner automorphism form an RP? ¢ SQOs.

Tom Mrowka Aarhus Master Class



We can trivialize P so that the automorphism is locally
constant Consider an invariant connection:

1 it z4 4
ax' +...+ l—Z —it4] ax”.

it1 Z4

Tt {—21 it

where 4, t, z3, z4 are even under the involution while
f3, l4, 21, 2o are odd. In particular along F the connection
restricts to

it1 0 1 it2 0 2
{o —it1] ax +{o —I't2:| ax
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Examples. 1. Let Z, act on S* by compactifying the
standard action above. The fixed set is S?. The action lifts
to an action on the total space P, = S’ — S* and leaves
the standard instanton (anti-instanton) invariant.

X = S*/Z5 is homemorphic to S*. The moduli space of Z,
invariant instantons is

— S031/S0s.

The action of such a connection

1
K= 87T2 tl’(FA/\FA) :|:1/2

So for we have

d=3,rk=1/2,8-8=0, x(S) =2, x(X) + o(X) = 2.
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2. Recall that CIP?2/conj = S* (a folk observation made
precise independently by Anrold, Kuiper, and Massey).
Consider the map f : C® — Sym,(R3).

f:C*—z2c 8 — Rz - %\z|2).

This is the real part of the moment map for SUs acting on
C3. The image moment map consists of traceless
hermitian matrices with exact 2 eigenvalues. If z ¢ S°
then z is an eigenvalue 2/3 while if w is orthogonal to z
the matrix acts by —1/3. Thus the image of the moment
map is exactly CPP2. Each of these authors show that
image of the real part is a copy of S*. Call this orbifold
(S* RP?).
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The Fubini-Study metric gives and ASD connection in
Endo( T (C]P)Z)

pi(T*CP?) = ¢? — 4cp = (9 — 12)H? = —3H?
so k = 3/4. The dimension of this moduli space is
6-3(1+1)=0

and eventually one can show this connection is unique
upto gauge. The involution on CP? is an isometry so lifts
uniquely to T*CIP2. Pushing this down to the

Note that

d=0,k=3/8,S-S=-2 x(S)=1, x(X)+o(X) =2.
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3. If we take the same example but reverse orientation we
have CP /Z, = S*. On CP" there is a (unique upto
gauge) reducible ASD connection in R & E where E is
tautological bundle thought of on CP-. Now
Ppi(ROE)=—-c(CoOE®E1)=—-1s0k=1/4. Thus
this moduli has formal dimension

8(1/4) —3(1) = —1.

The —1 is accounted for by the stabilizer of the
connection. There are two Z, actions on R ¢ E actions
covering conjugation on @2, these are + conjugation on
E and —1 on R. These however are gauge equivalent by
multiplication by 7 in E. The resulting connection on S*
has

d=0,k=1/8,S-5=2, x(S) =1, x(X)+a(X) =2.
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4. Next S? x S? with involution which is conjugation on
each factor. The quotient is again S*, the involution acts
by —1 on H?(82 x §2), S= S' x S'. Let L be line bundle
which is the tensor product of the tautological bundle on
the first factor and its dual on the second

77(0O(—1)) x 75(O(1)). With the product metric and both
factors of the same area the curvature of L is ASD. The
bundle R & L then has a unique reducible ASD
connection. p;(R @ L) = ¢?(L) = —2 so the dimension of
the moduli space is

4-6=-2
Since the connection is reducible the deformation
complex splits into the trivial part which has cohomology
H° = H? =R, andH' =0
account for all of the index. The L part of the complex has
trivial conomology. The involution acts by —1 on H° and 1
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Using excision one can see that the dimension the of the
moduli space is an affine function of x, x(X) + o(X),S - S,
and x(S) whether or on S is orientable:

d:8/<c—g(x(X)+0)+aS-S+bx(F)—I—C

From the examples we see thata=1/2,b=1,c=0so0
we have

Theorem
The formal dimension of the moduli space M,.(X, F) is

0= 8r— 2(x(X) +0) + 35-S+x(S)
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Compactness theorem for orbifold connections. Since
locally orbifold connections are just invariant connections
there is nothing more to prove although when curvature
concentrates along F there is only a drop « drops in units
of 1/2 rather than 1.

To describe the Uhlenbeck compactification on the pair
(X, S) consider weighted collections of points

’
Sym.(X,S) = Zn,x,|n,eZ|fx,eX\Sand n € 2Zlfx,eS}

Then for k € 17Z set

Sym.(X,8) = {> _ nixi € Sym.(X,S)| > _ n; = r}.
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= XU Sme(F)
(X, S) = (X x F) Upxr Syms(F)
(X, 8) = (Symz( ) U Symy(F) x XU Symy(F))/ ~
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Thus we have a compactification which now looks like

Definition

The Uhlenbeck compactification UM, (X, S) of M.(X, S) is
the closure of

M.(X,S) c | Symu(X,S) x M._.(X,S).

neZ

with respect to the upto bubbling topology.
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Floer’s Instanton Homology

Let Y be a 3-manifold P = Y x SU,. T the trivial
connectionand B=1T + b.

CS(B) / (b A db + %b A [bA b)
Y
Floer’'s great insight was that using the analytic tools
developed by Uhlenbeck, Taubes and Donaldson one

could carry over the Morse complex construction to CS
viewed as a function on B = A/G.
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To compute the directional derivative £ CS(B + sc)|s—o

introduce the one parameter family of 4d connections on

[0,1] x Y with t being the coordinate in [0, 1]
As=B+stc

Then
2 2

Fa, = Fs+ d,(3 (stc) + —[C/\ cl.

so that
d

ds
9 B+ se)| d/ tr(Fa, A Fa,)|
ds s=0 — ds As As)|s=0

[0,1]xY

:2/ /dt/\tr(C/\FB)
0 Y

= Z/Y tr(c A Fg)

Fa.|sco = dt A dsc
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To compute the directional derivative £ CS(B + sc)|s—o
introduce the one parameter family of 4d connections on
[0,1] x Y with t being the coordinate in [0, 1]

As=B+stc
Then
2 2
Fa, = Fs+ d,(3 (stc) + —[C/\ cl.
so that J
aFAJSZO = dt A dgc
9 cS(B+ s6)scs = 2 / tr(Fa, A Fa,)|
dS s=0 — dS OLAIxY As As)|s=0

:2/ /dt/\tr(C/\FB)
0 Y

= Z/Y tr(c A Fg)
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The gauge group G = {g: Y — SU,} acts on Q'(Y) ® su»
by
g-b=gbg™' +gdg'.

Under this action we have
CS(g-B) = CS(B) +deg(g) and F,p5=gFsg™’

Thus the set of critical points of CS is preserved by the G
action and

{alFs = 0} = Hom(m1(Y), SUs)/conj = R(Y)

where the identification is by the holonomy representation.
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Examples:

@ S3. Only the trivial representation py,. R(Y) = pt.
Stab(Ptriv) = SU..

Tom Mrowka Aarhus Master Class



Examples:

@ S3. Only the trivial representation py,. R(Y) = pt.
Stab(,Otriv) = SU..

@ Poincare sphere, SU./Binary Icosohedral group. Has
three representations upto conjugacy pyiy and pger
and ﬁdef

Tom Mrowka Aarhus Master Class



Examples:
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Stab(,Otriv) = SU..

@ Poincare sphere, SU./Binary Icosohedral group. Has
three representations upto conjugacy pyiy and pger
and ﬁdef

@ S'x 8. R(Y) = SU./conj an interval.

Tom Mrowka Aarhus Master Class



Examples:

@ S3. Only the trivial representation py,. R(Y) = pt.
Stab(,Otriv) = SU..

@ Poincare sphere, SU./Binary Icosohedral group. Has
three representations upto conjugacy pyiy and pger
and ﬁdef

@ S'x 8. R(Y) = SU./conj an interval.
o T3 R(Y)=S"x S'x S'/{Z}.
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Examples:

@ S3. Only the trivial representation py,. R(Y) = pt.
Stab(,Otriv) = SU..

@ Poincare sphere, SU./Binary Icosohedral group. Has
three representations upto conjugacy pyiy and pger
and ﬁdef

@ S'x 8. R(Y) = SU./conj an interval.

@ T3. R(Y)=8"x 8" x §'/{Z,}.

@ (Fintushuel-Stern) S(p, q, r) a Seifert fibered
homology sphere with three exceptional fibers. The
representation space is a finite set of isolated points
can be idenitie
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Examples:

@ S3. Only the trivial representation py,. R(Y) = pt.
Stab(,Otriv) = SU..

@ Poincare sphere, SU./Binary Icosohedral group. Has
three representations upto conjugacy pyiy and pger
and ﬁdef

@ S'x 8. R(Y) = SU./conj an interval.

@ T3. R(Y)=8"x 8" x §'/{Z,}.

@ (Fintushuel-Stern) S(p, q, r) a Seifert fibered
homology sphere with three exceptional fibers. The
representation space is a finite set of isolated points
can be idenitie

@ (Fintushuel-Stern) S a Seifert fibered homology
sphere with four exceptional fibers. The
representation space is a union of S?’s
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Given a riemannian metric on Y we can formally compute
the gradient of CS and we have

2/tr(FB/\C):2/tr(*FB/\*C)= —2(xFg, C).
Y Y

The downward gradient flow for £ = —1CS'is

B 1
E:_VBEZEVBCS:_*FB
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A major miracle occurs here. If we view a solution B(t) as
a connection Aon R x Y the connection satisfies the
Anti-Self-Dual Yang-Mills equation

FA = — ¥4 FA.
As a 4d-connection
daB

Fpo=dtN — + F

A ot + Fp
and 4B
Fp= F, —
XA dt/\*3 B+>k3dt

This later equations is invariant not just under
Gs={g:Y — SU:} butunder Gy = {h: R x Y — SU,}.

Tom Mrowka Aarhus Master Class



Problems.

@ gradient flow of CS not well defined Hessian of CS,
xdp has infinitely many positive and negative
eigenvalues.
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Problems.

@ gradient flow of CS not well defined Hessian of CS,
xdp has infinitely many positive and negative
eigenvalues.

@ Bis singular.
@ CS s not single valued (cf Novikov homology).
@ Compactification of moduli spaces (including gluing).
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Problems.

@ gradient flow of CS not well defined Hessian of CS,
xdp has infinitely many positive and negative
eigenvalues.

@ Bis singular.
@ CS s not single valued (cf Novikov homology).
@ Compactification of moduli spaces (including gluing).

@ Construct pertubations to achieve Morse-Smale
Condition that do no destroy compactness properties.
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Given a pair of critical points «a, 3 set

M(Oéyﬂ) = {A| — / tl’(FA A\ *FA) < 00, FA — — x FA;
V4
Jim [Aly] = a, im [Alic] = 8}/Ga.
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Note that A is ASD if and only if
_ / tr(Fa A +Fa) =" — CS(a) + CS(B)"
V4

where the difference is computed with respect the path
B(t) = Alixy-

Tom Mrowka Aarhus Master Class



Fix Q — Y an SO; or SU, bundle. Given B, flat
connections with trivial stabilizer choose a path B(t) with
teRsothatfort < —1B(t)=B_andt>1 B(t) = B,.
Let A be the corresponding 4d-connection on and

Rx Q=P — Z=Rx Y. Then we make the following
definitions.

Ale, B) = A+ [2(Z: T*Z @ adP)

G=g9c1+L5Z End(E))|gg” =1.
Since gAis locally gag~' + gag~"' G acts on A(«, 8)

B(a, 8) = Ale, B)/G.
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If stabilizer of end points is not Z(G) this is not a good
definition.
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If stabilizer of end points is not Z(G) this is not a good
definition.

Remark

The definition depends on a homotopy class
v € m(Ba; a, 5) so write A, («, B) or B,(«, ) when
necessary.
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For A € A(a, p)
Fi € L3(Z,N"(2) ® adP)

Set
M, (e, B) = {[A] € B(a, B)|F; = 0}

Wed like to see that M, («, 5) has a Kuranishi local
structure and that

M(O‘vﬂ): U MW(O‘>5)

yem™ (Bg,a,B)

Tom Mrowka Aarhus Master Class



Write A= B + b+ cdt where B is a pull back connection.
Then

Fa= F5+dt/\b+d5b—thdBC+%[b/\b]—i—dl‘/\[c/\b]

, 1
0= F;(:th(b+*FB+dBc+*de+*§[bAb]+[0Ab])

. 1
+ *b + Fg + *dgC + dgb + E[bA b] + «[c A b].
The slice condition

0 = —dg(b + cdt) = x4dp *4 (b + cdt)
= xdgdf A *b + xC
= x4(—dt A (dg*x b+ dt AxC+ dg*C)
= Cc+ dgb+ dt A dge.
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Linearized equations at B.

(13 518

This of the form % + D where D is a first order self-adjoint

elliptic operator.

Theorem

If D is an invertible first order self-adjoint elliptic operator
acting on a vector bundle F — Y then

d
G D B(EZF) = (2, F)

is invertible.
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Sketch of proof in the case k = 1. Note that

(55 + D)z [ (5 + D (5 + Dhu =1

du
_ 2 2
_/Z|_dt| + |Du| +2<_dt Duy) 1
dau , 2, d
= [ |= Du) x 1
[ VG +1DuP + Zu. D) =

/| 2+ |Duf? + 1
> Cl|ullZ
Thus & + D: [2(Z; F) — L2_,(Z, F) is injective with

closed range. Exercise: Show the range is dense.
Generalize this to the case of general k. [.
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This can be used to prove in general that provided the
Extend Hessian of £

ds d,
EHn — * *B B:|
5 [ d; O

is invertible for B = B. the linearized ASD equations and
gauge fixing are Fredholm so the package we use to
analyze the moduli space on closed manifolds carries
over to this case. EHjg plays the role of the Hessian in
finite dimensional (and no group action) Morse theory.
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What does invertibility mean? If

b
c
is in the kernel of EHg and B is flat the b is a harmonic

representative of H'(Y,adg) and ¢ € H°(Y,adg). In other
words the B must be

@ Irreducible
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What does invertibility mean? If

b
c
is in the kernel of EHg and B is flat the b is a harmonic

representative of H'(Y,adg) and ¢ € H°(Y,adg). In other
words the B must be

@ Irreducible
@ Infinitesimally isolated (non-degenerate critical point.)
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Given A e A («, 5) write A= B+ cdt where B = B(t) is
path in Ag and we can ask what is the index of

d

— + Dg.

at "
We now have a family of self-adjoint operators Dp;y. Such
a family has a spectral flow. Below we have a spectral

flow of +2.



Note the self-adjoint Fredholm operators SF has three
components

SF=SF. USF,USF,

where SF. are the essentially positive and negative
operators. SF. are contractible while

QSF, =7 x BO( or Z x BU for complex ops).

Theorem (Atiyah-Patodi-Singer..)

Ind(% = Dt) = Sf(Dt)
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Idea of proof. Index is homotopy invariant so homotope
the family so that D; all have the same eigenvectors. Then
consider

I, - % + +tanh(f) : L2(R) — L2(R).

The kernel of T, is spanned by sech(t) while for T_ the
kernel is spanned by cosh(t). Since T} = —T; when

Ind(T.) = £1 = sf(£tanh(t)).
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Note the spectral flow is the what remains of the Morse
index. u(«) should be the number of negative eigenvalue
of the Hessian. Infinite in this case. However in the finite

dimensional situation
dim(M(x, y)) = u(y) — u(x) = sf(Hess, 1)

and we can make sense in this case of the difference

p(B) = p(a) = sf(EH, 1)
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If v: 8" — Bgis aclosed loopi.e. or 5 :[0,1] — Ag and
so that there is a gauge transformation with g5(0) = (1)
then sf may be non-zero! Indeed let A be the connection
in S' x Q with

(D4(t)) = Ind(Da) = 8k — g(o +0) = 8k = 8deg(9).

N.B. if Qis an SO; bundle k € 1Z.
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