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@ Comparison between hyperbolic and extremal length.
@ Gromov's compactification of Teichmiiller metric.

© Variation of extremal length by harmonic maps
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Hyperbolic and extremal length

S = closed surface of genus g > 2.
T, = Teichmiiller space of marked conformal (hyperbolic)
structures on S.

Let X € T and a be a simple closed curve on S.

Extremal length

[inforeja)(Jo p(2)]d2])]?
Ext = -
xtx(a) SL:,p Area,(X)
1
inf ———.
A mod(A)
Relation between extremal and hyperbolic length: Maskit, Masur,
Minsky, Rafi - -
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Teichmuller metric

Teichmiiller metric on T,:
1.
dr(X,Y) = 5 |r}flog K(f)

where K(f) is the quasiconformal dilatation of £ : X — Y.
Teichmiiller map
fk,¢ X = Xk7¢

where 1(f) = k' 6 € Q(X),0 < k < 1.
Teichmiiller geodesic ray with direction ¢:

1+k
1—k

1
r¢(t) = Xk,¢7 t= > log
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Kerckhoff's formula

Kerckhoff’s Formula

Theorem (Lenzhen-Rafi). Extremal length is quasi-convex (but
not convex) along Teichmiiller geodesics.

There is a constant K > 1 such that for any Teichmiiller geodesic
r(t) and for any «,

Ext,(5)(a) < Kmax{Ext,,)(a), Ext,p(a)},a <s < b.
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Lipschitz metric

Thurston’s Lipschitz metric

di(X,Y) = log sn;p ﬁ;gg;

Stretch line

horocycles

fl’??fi"iiffi;ﬂify

TS

7 non-foliated
N region
horocycle of length 1

Question. |s hyperbolic or extremal length (quasi-)convex along
stretch lines?
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Comparison list between hyperbolic and extremal length

Hyperbolic length Extremal length
Thurston's metric Teichmiiller metric
12
dix(p) dExty (1)
Il = sup S Il = sup S
reme IA(X) xeMF Bxty/*(X)

Thurston cataclysm coordinates | The homeomorphism
X e Tg— Fu(X) e MF() X e Tg — Fp(Pr(X)) € MF(F)
(X)) = i(A, Fa=(X)) Ext(X) = i(A, Fa(PA(X)))

2
dlo(pn) = }Re < Oq, pt > dExty(p) = —2Re < &y, >
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Adding the list

Another possibility:
Weil-Petersson Funk metric (Yamada)

d(X,Y) =sup M.
a dwp(X, Ta)
In this talk:
Hyperbolic length Extremal length
Thurston's compactfication | Gardiner-Masur compactification
Kerckhoff, Wolpert Second variation
d?lo(p, 1) d*Exta(, 1)
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Thurston's compactification

Thurston’s compactification
T, — RS — PRE,
X = Ux(-) = [€x(")]-

(Thurston) Thurston's compactification iTh is a closed sphere of

dimension 6g — 6. The action of Mod, extends continuously to
?gTh-

(C. Walsh) The horofunction boundary of Lipschitz metric is
Thurston's boundary.
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Gardiner-Masur. The embedding
T, — RS — PRE,
X = Bxty?(-) = [BExty/*()]

—GM ,
has compact closure T, . Moreover, Thurston’s

e .. =Th. —GM
compactification T, = is a proper subset of T, .

Theorem (Miyachi). The action of Mod, extends continuously
to T,

Theorem (Liu-S). The horofunction boundary of Teichmiiller
metric is Gardiner-Masur's boundary.
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Gromov's compactification

Fixed a basis-point Xo € (M, d) (locally compact). Assign each
X € M with a function

Vx(:) = d(:, X) — d(Xo, X).

(Gromov) ¥ : M — C(M), X — Wx is an embedding with
compact closure M.

Let T, be Gromov's compactification of (T, dr).

Theorem 1 (Liu-S). T, = T,.
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Convergence in Gardiner-Masur compacfitication

Normalized extremal length:

Ext 1/2
Ex(i) = ;572),# € MF.

X
where d7(Xo, X) = 3 log Kx.

e &.(¢)(1) is a decreasing function along any Teichmiiller geodesic

r(t)

Theorem (Miyachi). The normalized extremal length extends

. —GM . .
continuously to T;: for any sequence (X,) in T converging to
Ze iGM, there exists a subsequence (X,) such that 5an(-)
converges to a positive multiple of £z(-).
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Proof of Theorem 1

We prove Theorem 1 by showing that Z € iGM — C(Tyg)

Ez(1) Ez(p
V(X log sup ——————— —log sup
(X)= pemF Extx (u)1/2 pemr Extx, (1

)
Extxg (1)/2
is a homeomorphism onto Ty.
e Note that when Z € T,

Vz(X) = dr(X, Z) = dr(Xo, 2).

by Kerckhoff's formula.
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Proof of Theorem 1

Let L7 : MF — R,

Lo(p) = 52(#)5 -

zZ\V
SUPyemF Extx, )72

Proposition.

Lz(1)
W (X) = a4V
z(X) %8 SUP Txtx(u)l2

A sequence (Z,) in ?gGM converges to Z if and only if £z,
converges to Lz uniformly on any compact set of MF.
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Proof of Theorem 1

V is injective: Z # Y, 3 X € T,, Vz(X) < Wy (X) (or
W(X) > Wy (X)),
@ I neighborhood N' C PMF,
Lz7(v) <A<B<Ly(v), VveN.
@ 3 po € N uniquely ergodic, (Miyachi) £,,(-) = i(uo,-).
© Let r(t) be a Teichmiiller geodesic ray with vertical foliation
1o, Loty = Luo = i(po, )
@ For t sufficiently large, the supremum of % is obtain

in \V.
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Corollary of Theorem 1

: : —GM
Corollary. The action of Mod, extends continuously to T, .
Each Teichmiiller (almost-)geodesic ray converges in the forward

o .. =—=GM
direction to a point in 0T, .
Compare with the following results:

(Masur) If a Teichmiiller geodesic ray is uniquely ergodic or
Strebel, then it converges to a limit in Thurston's boundary.

(Lenzhen) There exist Teichmiiller geodesic rays which do not
converge in Thurston's boudary.
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Complex analytic theory of Teichmiiller space

Tg is a (3g — 3) dim complex manifold (Bers embedding maps T,
to a bounded domain in C3873).

Let X € T, with hyperbolic metric 02(z)|dz|?.
Q(X) = space of holomorphic quadratic differentials on X.

TxTe =15 | 6.€ QX))

(space of harmonic Beltrami differentials).
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Weil-Petersson metric

Weil-Petersson Riemannian metric:
< %,% >WP= Re/ %
0%’ o x O
(Kahler, negative curvature, incomplete but geodesically convex).

Variation of hyperbolic length is important in W-P:
@ Wolpert's length-twist formula wyp = > d?; A dT;.
@ /, is convex along any W-P geodesic.

© estimation of W-P curvature.
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Pluri-subharmonic

A C? function F on a complex manifold is strictly
pluri-subharmonic if its Levi 2-form QOF is positive definite.

Strictly pluri-subharmonic functions on T:
@ (Tromba) Dirichlet energy of harmonic maps between
hyperbolic surfaces, with varied domains and fixed targets.
o (Wolf, Yamada) Convexity of Dirichlet energy of harmonic
maps, with fixed domain and varied targets.

e (S. K. Yeung) Bounded non-positive strictly plurisubharmonic
exhaustion function on T, (by using hyperbolic length
functions).
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Main result

Theorem 2 (Liu-S). Let [';(t),/ = 1,2 be any two Weil-Petersson
(or Teichmiiller) geodesics on T, with [1(0) = 2(0) = X and
%Fl(O) = u, %Fg(O) = iu, where i denotes the almost complex
structure of T4. Then

d? d?
E‘tzoEXtrl(t)(O‘) + Fh:OEX‘Erz(t)(a) > 0.

It follows that:
The extremal length of any simple closed curve is strictly
pluri-subharmonic on Ty.

It seems that Ext(«) is not convex along Weil-Petersson geodesics.
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Extremal length by harmonic maps

F=a measured foliation on S. N
F = the lift of F on the un~iversal cover S.
(T, d) = the leaf space of F

(T is a real tree with distance d induces by the measure of F).
Let m: S — T be the natural projection.
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Extremal length by harmonic maps

Theorem (Wolf). Let (S,0) € T,. There is a 71(S)-equivariant
harmonic map B
w:(S,0) = (T,d)

homotopic to w. The vertical measured foliation of the Hopf
differential ® =< w,, w, >4 dz? is measured equivalent to F.

(Kerckhoff)
Extx(a):/|¢'a|,

where ¢, = the Hubbard-Masur differential with vertical foliation
measured equivalent to a.

Corollary. The extremal length of F is equal to half of the energy
E(w, o) of the harmonic map w.
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Extremal length by harmonic maps

(5,0¢) : a smooth path in T,.
Quasiconformal maps z¢ : (S, o|dz|?) — (S, 0¢|dz:|?) with
Beltrami differential p(t) = tu + o(t).

More assumption: u is a harmonic Beltrami differential and

el

. 2
ji = gam(t)]e=o =0
(satisfied by Weil-Petersson or Teichmiiller geodesic).

Second variation

d2

EE(wt, 0¢) = —D} E(W, 04)[w,w] + D3 E(wt, 04)[5, 6]

Weixu Su Variation of extremal length on Teichmiiller space



Extremal length by harmonic maps

Denote w? = w.

8Wt

t 2

E(w', o) = —\|“dz;dZ;.
( ’ t) /S | 621“ ’ t ‘

jwel?® + [(t)Plwz]* — 2Re(u(t)waz) | -
E(w,o / dzdz.
(%) = W(O)P
Set w! =w + tw + %2c'&+o(t2).

E(wt, 00) = / w2 £2Re(0,32)+ (s |2+ Re(wiDas) 1+ o(£2) dzdz
S
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Variational formulas

d

d—|t:oE(w,gt) = —2Re/ ud, & = w,o,dz>.
t s

d2

Sli-oB (.00 =2 [ (ol + o) dedz. (1)

d? : _
@‘t:OE(wt,Uo) = 2/5 |, |* dzdz. (2)

2

i t—oE(wh, o) =2 7 2(Jw,|? + |ws|?)dzdz — 2 w,|?dzdz.
2

dt S S o)
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vector field w

Understanding the vector field w:

82 t
o Hw', zt) = 5,5 =0
o _%|t:0H wt,z) = Wz

(Ahlfors 1 = zz)

0 0 ,_
= E(sz) + E(MW?)
Equation of w:

Gz = ;Z(uwz) + ;Z(uwf)- (4)
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vector field w

Using (4) and integration by part, we have

/ 0, Pdzdz = — / D3 dzdz
S S
0 — 0
= —/Saz(uwz)w—l—az(uwz)wdzdz

= / w0, + fiwzwzdzdZ. (5)
S
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Proof of Theorem 2

Proof of Theorem 2.

o By (3), &lemoE(M1(t)) + & |e—oE(2(t))
= 2 wz2 w;z zdz
—4[5|u| (w2 + |wz ) dzd

—2/ ]d)z(u)2dzd2—2/ |, (i) |2 dzdz.
S S

e Apply (5) to establish to inequality (inspired by Tromba)
/ oz (1) |? dzdz +/ |z (ip)[2dzdz
s S

<2 / (o + |ws[2)dzdlz.
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A lower bound

Apply (5):

/S]cbz]zdzd2§2/s\p,\2(\wz]2+ (ws[2)dzd.

Theorem 3 (Liu-S). Let (S, 0¢) be a differential family of
hyperbolic structures in T with Beltrami differential

p(t) = tu+o(t?) at t = 0 and ||p||oc = 1 (a.e. Teichmiiller
geodesic). Then we have

&2 _
SploBxtn(@) = = [ (lwul? + [uz)dzdz
t s

= —2/ |w,|?dzdz = —4Ext,(a).
S
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Thanks for your attention!

Thanks Bob and Athanase!
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